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L ectures

® |inear regression for continuous outcomes
/ lectures on simple and multiple linear regression
® | ogistic regression for binary outcomes

4 lectures on logistic regression and alternative approaches
for binary outcomes



Labs

Thursdays in Mission Hall 1400
10:30-12:00

Labs show how to use Stata (version14) to apply methods
discussed in class

- Data & commands are included
- Labs not graded
- An interpretive handout will be posted after lab

Labs are a good place to ask questions about advanced
topics related to the course, and for help with homework



Homework

70% of grade

Four homework assignments; missing one can making passing
difficult

Your responsibility to meet deadlines; late home works not
accepted; if you are going to be out of town, please make
arrangements

Assignments posted on the course web site (first one will be
posted today)

Completed assignments should be submitted by email (to
biostat208hw@gmail.com by 10:30 AM on the due date)

Handed back the next week with comments and discussion
session


mailto:biostat208hw@gmail.com?subject=

Heads up: Biostat 209 Project

This will be a written report of a data analysis, similar to a brief, focused
research manuscript but with more statistical detail than usual.

Goal: Address a single substantive issue or a few closely related issues;
this should not be a comprehensive report of all findings from a study.

® Students taking 209 next quarter should start thinking about the
project now

® |dentify a candidate dataset, ideally linked to your own research
interests

® The project can be the basis for a submitted abstract/manuscript



Review of Exploratory Data Analysis

® A key part of regression modeling is exploratory data
analysis of key variables (as covered in Biostat 200)

® Exploratory assessments should be made prior to any data
analysis

® The first assighment & lab review some of these concepts



Review topics (chapter 3 of VGSM)

logarithms & exponentials

probability distribution; conditional probability; independence
expectation & conditional expectation

median, mean, variance, standard deviation, standard error
correlation coefficient (Pearson & Spearman)

hypothesis test (| & 2-sided)

t-test, ANOVA, chi-squared tests



Regression models for the relationship
between outcomes and predictor variables

® Research questions frequently focus on the relationship
between an outcome and additional predictor variables

® For single categorical predictors (e.g. treatment assignment
in randomized trials), simple analysis methods (e.g. t-tests &
chi squared tests) frequently are enough

® For multiple predictors, and/or continuous predictors (e.g.
from observational studies), the relationship with the
outcome is frequently very complex

® Statistical models are useful tools for summarizing
relationships and making inferences when continuous and/
or multiple predictors are involved



Multiple Predictor Regression Models

® Additive, linear statistical models for the relationship
between an outcome and multiple predictor variables (aka

’ €¢

“independent”,“risk” or “exposure” variables)
® QOutcome types include
- binary (or categorical) indicators (e.g. logistic models)
- continuous measures (e.g. linear models)
- event times (e.g. proportional hazards models)

® Methods can be applied to dependent outcomes (repeated/
clustered) and a range of study designs (surveys, case-control)

® Because regression models make strong assumptions about
the relationship between outcome and predictors, assessing
validity of assumptions is a critical part of any application



Common Goals in Regression Modeling

® Evaluating a predictor of primary interest

- additional predictors selected both for face validity and on
statistical grounds, guided by appropriate DAG(s)

- focus on confounding, mediation and interaction
- causal inference

® Identifying multiple important predictors
- variables selected as indicated above

- addressing issues of confounding, mediation and interaction is
complicated; over-fitting & false-positive results become concerns
(i.e. control for multiple testing often required)

® Outcome prediction / risk stratification

- focus on minimizing prediction error
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Evaluating a predictor of primary interest
Example: Relationship between exercise & glucose in HERS (section 4.1 of text)

® Goal: estimate (possibly causal) association between exercise and glucose
level

® |[ssues include
- identifying potentially important causal relationships (e.g. via a DAG)

- estimating association of interest controlling for possible confounding



Example: relationship between exercise & glucose in HERS (continued)

® Proposed DAG (from dagitty.net) suggests adjustment for age, alcohol & BMI

Model | Examples | How to ...

Layout | Help

¥ Adjustment for total effect

Minimal sufficient adjustment
sets for estimating the total
effect of Exercise on Glucose:

e {Age, Alcohol, BMI}

¥ Adjustment for direct effect

Total and direct effects are equal
in this model.

¥ Testable implications

Either the model does not imply
any conditional independencies or
the implied ones are untestable
due to unobserved variables.

¥) Model text data

Exercise 1 €0.002,0.004
Glucose 1 €0.997,0.002
Age 1 €0.055,-0.060
Alcohol 1 €0.913,-0.063
BMI 1 €0.450,-0.079

Age BMI Exercise Glucose Alcohol
Alcohol Glucose BMI Exercise

BMI Glucose Exercise

Exercise Glucose




Identifying multiple important predictors
Example: identifying genetic markers for Sjogren's Syndrome

® |dentifying associations between > 300k SNPs and disease status

® |ssues include

large number of hypothesis tests (more predictors than outcomes)

- control for possible confounding variables

- correlation between predictors

Outcome prediction / risk stratification
Example: predicting mortality risk among African infants with acute febrile

syndrome
® |ssues include

flexible models (e.g. machine learning) relating predictors to outcome

- focus on minimizing prediction error



Contrasting Standard Regression Models
e Similarities
- Structural:

® Predictors linked to the some feature of the outcome in an
additive, linear fashion:

® Example: linear regression

® The conditional mean the outcome (y) is a linear function of the
predictors (x1, x2, ..., Xp):

E [y|37175527 e ,.Cl?p] = Bo + Bix1 + Boxo + - - +6pxp
® FExample: logistic regression

® The conditional odds of outcome occurrence is a log-linear
function of the predictors

E T1,T2, Ty
lOg {1—]%[|y|:v1,x2,'“ ,Cv]p]} - BO + 613:1 + 52232 L Bpajp
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Contrasting Standard Regression Models

® Similarities

- Operational (methods for using regression in practice are similar for
different outcome types)

® model construction & selection
® statistical inference

® model evaluation & assessment



Contrasting Standard Regression Models

® Differences

- Differing outcome types require different distributional
assumptions

- Interpretation of coefficients and predicted quantities
differ between approaches

- Alternative techniques for estimation may be involved



Review: linear regression with a single predictor

® |inear model for the relationship between a continuous
outcome and categorical/continuous predictor variable



Example: The HERS Study

Heart and Estrogen/Progestin Replacement Study

Randomized trial of Estrogen + Progestin for secondary
prevention of coronary heart disease (CHD) events in
postmenopausal women with existing CHD (Hulley S, et al; JAMA,
1998)

2763 women, ages 46 - 79, followed for an average 4.1 years

Examples for today based on a random sample of 221 women
at study entry

Focus on the dependence of HDL cholesterol on smoking and
waist circumference
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Data description from Stata:

describe

Contains data from ~/Documents/teaching/c2016/biostat208/lectures/lecturel/hers-
sample.dta

obs: 221
vars: 3 18 Jan 2005 08:36
size

2,431 (99.9% of memory free)

storage display value
variable name type format label variable label
smoking byte %9.0g noyes current smoker
waist float %9.0g waist circumference (cm)
hdl int %9.0g

hdl cholesterol (mg/dl)

Sorted by:
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Data listing

list hdl smoking waist

11.
12.
13.
14.
15.

16.
17.
18.
19.
20.

21.
22.

o W

O O 00 J O
e o e e o

—--more-—-

no

22



Listing more info about variables and their characteristics

. codebook

range:
unique values:
tabulation:

type:

range:

unique values:
mean:

std. dev:
percentiles:

numeric (byte)

noyes
[0,1]
2
Freq. Numeric Label
194 0 no
27 1l vyes

numeric (float)
[57.5,139]
145
92.5652
14.5148
10%
74 82

units:
missing

units:
missing

50%
92.2

1
0/221

.1
0/221

75%
102

90%
110

EDAS

type:

range:

unique values:
mean:

std. dev:
percentiles:

numeric (int)
[24,112]
56
50.2785
13.8306
10%
36 41

units:
missing

Two indiv. missing HDL

90%
68



Summaries of included variables

summarize hdl

Variable |

summarize waist

Variable |

92.56516

Percent

Std. Dev.

13.83056

Std. Dev.

14.51481
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Example analyses using HERS data:

® Relationship between HDL cholesterol (mg/dl) and a single binary
predictor representing smoking status (Yes/No)

® Relationship between HDL cholesterol and a continuous
measure of waist circumference (cm)
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Scatter plot of smoking vs. HDL
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Stata command: twoway (scatter hdl smoking)
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Scatter plot of waist circumference vs. HDL
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Stata command: twoway (scatter hdl waist)
27



Linear regression

Mean of outcome assumed to change linearly with a
continuous predictor

Uses all the data to estimate mean at any point; borrows
strength across points by assuming smoothness

Predictor can be of any type: binary, categorical, count, or
continuous

Distributional assumptions not required for predictor(s)

Failure of linearity assumption can be addressed via
transformations
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Systematic part of linear model

® Model represents the conditional mean of y as a function of x
Elylz] = Bo + bz
® Values of E[y | x] lie along the regression line
- estimated values are known as the fitted values
= Bo+ Pz

® Dependence on predictor summarized by the slope of the
Iine, [31

- [ measures change in outcome for a unit increase in x

® [ntercept [Bo gives mean of y when x =0

29



Random part of linear model

® y=[+Px+¢
- observed outcome = conditional mean + random error (g)
- estimated values of ¢ are known as residuals

e Assumptions about random errors (g)
- independent
- mean zero at all values of x
- equal variance at all values of x
- normally distributed (at least in small samples)

® These assumptions are required for valid inference
(i.e. for p-values & confidence intervals)

® No assumptions about the predictor are required

30



HDL by smoking status

100 120
I I

80
1

hdl cholesterol (mg/dl)
60
1

40
I

20
I

no yes

Stata command: graph box hdl, over(smoking)
(A more informative summary than the scatter plot on slide 27)
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A formal comparison of the mean HDL levels between smoking groups
can be made using the two-sample t-test:
. ttest hdl, by(smoking)

Two-sample t test with equal variances

Group | Obs Mean Std. Err. Std. Dev. [95% Conf. Interval]
_________ o
no | 193 50.26943 .9490756 13.18498 48.39748 52.14138
yes | 26 50.34615 3.578114 18.24487 42.97689 57.71542
_________ L
combined | 219 50.27854 .9345828 13.83056 48.43656 52.12051
_________ o e
diff | -.0767238 2.895971 -5.784556 5.631109
diff = mean(no) - mean(yes) t = -0.0265
Ho: diff = 0 degrees of freedom = 217
Ha: diff < 0 Ha: diff != 0 Ha: diff > 0
Pr(T < t) = 0.4894 Pr(|T| > |t]) = 0.9789 Pr(T > t) = 0.5106

- Regression isn’t needed for simple two-group comparisons of means

- A regression model for the above comparison yields identical results:
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An simple linear regression model addressing the same hypothesis as
the t-test from the HDL - smoking example:

. regress hdl i.smoking

Source | SS df MS Number of obs = 219
------------- e e e F( 1, 217) = 0.00
Model | .13487973 1 .13487973 Prob > F = 0.9789
Residual | 41699.8743 217 192.165319 R-squared = 0.0000
————————————— - Adj R-squared = -0.0046
Total | 41700.0091 218 191.284446 Root MSE = 13.862

hdl | Coef Std. Err t P>|t| [95% Conf. Interval]
_____________ A e e e e e e e e e e e e e e e e e e e e e e e e e e e
1.smoking | .0767238 2.895971 0.03 0.979 -5.631109 5.784556
_cons | 50.26943 .9978353 50.38 0.000 48.30274 52.23612

- Regression output provides the estimated diff. between groups, mean HDL

in non-smoking group, but not mean HDL in smoking group. (Means for all groups
can be obtained via postestimation commands in Stata.)

- Inference about the effect of smoking identical to the previous analysis
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Interpretation of linear regression model for single binary predictor
(smoking status):

Group Mean HDL

Overall: E[y | x] = Pot+pix
smokers (x =1): Po+p:

non-smokers (x =0): o

Interpretation of {3 : Difference in mean HDL
between smokers and non-smokers
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Note on categorical predictors
in regression models:

® Binary predictors coded as 0/1 can be entered directly in
regression models without concerns about coding

® A linear regression model with a single binary predictor gives
results equivalent to a two-sample t-test comparing the means in
the groups specified by the predictor

® C(Categorical variables with >2 levels can be entered in a regression
model via binary indicators for each level, reserving one as the
reference category

® A linear regression for a single categorical variable with >2 levels
is equivalent to a one-way analysis of variance
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Post-estimation commands in Stata

® After a regression model is fitted via regress, Stata saves a
number of values related to the fit that can be used for post-
estimation analyses. These include:

- Regression coefficients
- Standard errors and model statistics
e Common post-estimation analyses include
- use of predict command to compute:
- fitted values
- residuals
= influence statistics

- use of lincom command to estimate means in specific
subgroups defined by the model
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Post-estimation commands in Stata

Example: using predict to estimate fitted values and residuals.

. predict yfit, xb
. predict yres, residuals

list yfit yres hdl smoking if n<=10

o +
| yfit yres hdl smoking |
| < |
1. | 50.26943 11.73057 62 no |
2. | 50.26943 ~4.26943 46 no |
3 | 50.26943 -21.26943 29 no |
4. | 50.26943 1.73057 52 no |
5. | 50.34615 -1.346154 49 yes |
A |
6. | 50.26943 ~7.26943 43 no |
7. | 50.34615 12.65385 63 yes |
8. | 50.26943 -5.26943 45 no |
9. | 50.26943 -10.26943 40 no |
10. | 50.26943 2.73057 53 no |
e +

Note : model only yields two unique fitted values since smoking takes on only two values
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Post-estimation commands in Stata

Example: using 1incom to estimate the mean outcome value for
smokers and non-smokers in the previous example (recall slide 29).

Issued immediately after a regress command, 1incom provides
estimates of 1inear combinations of the estimated regression
coefficients, and also provides a std. error and confidence interval:

. lincom _cons + smoking

smoking | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_____________ A e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e o e
(1) | 50.34615 2.718635 18.52 0.000 44.98784 55.70446

hdl | Coef. Std. Err. t P>|t| [95% Conf. Interval]

Note :the second command returns the intercept
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Simple linear regression
with a continuous predictor

® A tool for understanding dependence of a the mean of a
continuous outcome on a single continuous predictor

® With a continuous predictor, summary of dependence is
a “line of means”

Example analysis topic:

Relationship between HDL (mg/dl) and the
continuous measure waist circumference (cm)
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Scatter plot of waist circumference vs. HDL
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Stata command: twoway (scatter hdl waist)
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Visualization of relationship without assuming a model:
- plotting means in groups defined by quantiles of waist

Mean HDL by octile of waist circumference
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Linear regression model: mean HDL is linearly related to waist circumference
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HDL (mg/dl)

80 100

60
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Observed data, fitted value, residual
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Ordinary least squares (OLS) estimation

® Slope and intercept estimated using OLS

® OLS estimates
- determine the regression line
- minimize sum of squared residuals (RSS)

n n n
TSS=> (yi—9)°> MSS=> (H-9> RSS=>» (yi—h)’
i=1 1=1 1=1
® TSS =MSS + RSS (total SS = model SS + resid. SS)
® Efficient - minimum variance in class of estimators

® Maximum likelihood estimates (MLEs) if outcome is normal

® Drawback of OLS: sensitive to outliers
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Dependence of HDL on waist circumference

regress hdl waist

Source | SS df MS Number of obs = 219
————————————— Fo F( 1, 217) = 9.66
Model | 1777.68854 1 1777.68854 Prob > F = 0.0021
Residual | 39922.3206 217 183.973828 R-squared = 0.0426
------------- o Adj R-squared = 0.0382
Total | 41700.0091 218 191.284446 Root MSE = 13.564

Std. Err. t P>|t| [95% Conf. Interval]

.0630536 -3.11 0.002 -.3202776 -.0717258

5.910124 11.58 0.000 56.77925 80.07644

The sample estimate of P1 gives estimated change in mean
HDL for each unit increase in waist circ. (in cm)

Mean HDL decreases by about -0.2 mg/dL for each centimeter
increase in waist circumference
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Precision and statistical significance of slope estimate

regress hdl waist

Source | SS df MS Number of obs = 219
------------- e e F( 1, 217) = 9.66
Model | 1777.68854 1 1777.68854 Prob > F = 0.0021
Residual | 39922.3206 217 183.973828 R-squared = 0.0426
————————————— t———————————————————— - — — — - Adj R-squared = 0.0382
Total | 41700.0091 218 191.284446 Root MSE = 13.564

hdl | Coef Std. Err t P>|t| [95% Conf. Interval]
_____________ e e e e e e e e e e e e e e e e e e e
waist | -.1960017 .0630536 -3.11 0.002 -.3202776 -.0717258

cons | 68.42785 5.910124 11.58 0.000 56.77925 80.07644

The standard errorof the estimate for 1

Model t-statistics are calculated as the ratio coeff./ std. error. The
associated hypothesis tests evaluate the null hypoth. that the true value of
the coefficients are zero.

The F statistic evaluates the significance of the improvement in the model

including the predictor relative to one that excludes the predictor (i.e. that

only estimates the overall mean HDL)
46



Proportion of variation explained

regress hdl waist

Source | SS df MS Number of obs = 219
————————————— Fom F( 1, 217) = 9.66
Model | 1777.68854 1 1777.68854 Prob > F = 0.0021
Residual | 39922.3206 217 183.973828 R-squared = 0.0426
————————————— t——_————.———_—————_———————— - — —_ — - Adj R-squared = 0.0382
Total | 41700.0091 218 191.284446 Root MSE = 13.564

hdl | Coef Std. Err t P>|t| [95% Conf. Interval]
_____________ e
waist | -.1960017 .0630536 -3.11 0.002 -.3202776 -.0717258

cons | 68.42785 5.910124 11.58 0.000 56.77925 80.07644

- R—-squared is the proportion of total variance in the
outcome explained by the regression model:

1777.68854/41700.0091= 0.0426

- Adjusted R-squared accounts for the number of
predictors in the model
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Marginal and residual variance estimates

regress hdl waist

Source | SS df MS Number of obs = 219
------------- e e F( 1, 217) = 9.66
Model | 1777.68854 1 1777.68854 Prob > F = 0.0021
Residual | 39922.3206 217 183.973828 R-squared = 0.0426
————————————— +-—_ Adj R-squared = 0.0382
Total | 41700.0091 218 191.284446 Root MSE = 13.564

hdl | Coef Std. Err t P>|t| [95% Conf. Interval]
_____________ e e e e e e e e e e e e e e e e
waist | -.1960017 .0630536 -3.11 0.002 -.3202776 -.0717258

cons | 68.42785 5.910124 11.58 0.000 56.77925 80.07644

— The total mean squared error (MS) is the variance of the outcome
— The F statistic is the ratio of the model MS to the residual MS
— Root MSE (square root of resid. MS) estimates prediction error

— The t statistic is the square root of the F
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Interpreting coefficients from the linear model

® Model represents the mean of HDL as a function of waist circumference
- mean( HDL | waist circ.) = 68.43 - 0.196 X (waist circ.)

® 68.43 gives mean HDL for an individual with waist circumference of 0 cm

® -0.196 gives change in aver. HDL assoc. with a 1 cm increase in waist circ.

- e.g. mean( HDL | waist circ. = 100) - mean( HDL | waist circ. = 99) =
[68.43 -0.196 X (100) ] - [ 68.43 - 0.196 X (99) ] =-0.196

® Model estimate of change in aver. HDL assoc. with a 10 unit increase in
waist circ.

- mean( HDL | waist circ. = 100) - mean( HDL | waist circ. = 90) =
[68.43 -0.196 X (100) ] - [68.43 -0.196 X (90) ] =-0.196 X 10
=-1.96
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Regression post-estimation commands

e Issued after fitting a regression model
e Used for model assessment and interpretation

Example: using 1incom to estimate the mean outcome for an
individual with waist size of 120 cm.

. lincom cons + waist*120
(1) 120*waist + cons = 0

hdl | Coef. Std. Err. t P>|t| [95% Conf. Interval]
(1) | 44.90764 1.955863 22.96 0.000 41.05272 48.76257

Example: using 1incom to estimate the change in mean outcome for
a 10 cm increase in waist size.

. lincom waist*10
( 1) 10*waist = 0

hdl | Coef. Std. Err. t P>|t]| [95% Conf. Interval]



Post-estimation commands

Example: The predict command is used to estimate fitted values
and residuals.

. predict yfit, xb
. predict yres, residuals
(2 missing values generated)

list if n<=10

o +

| smoking waist  hdl yfit yres |
e |

1. | no  85.3 62  51.7089 10.2911 |
2 | no 106.7 46 47.51447 -1.514468 |
3. | no 95 29  49.80769 -20.80769 |
4 | no 98.2 52 49.18048 2.819518 |
5 | yes 100.7 49 48.69048 .3095219 |
e |

6. | no 88.8 43 51.0229 -8.022897 |
7. | yes 88 63  51.1797 11.8203 |
8. | no 102 45  48.43568 -3.435675 |
9. | no  85.6 40  51.6501  -11.6501 |
10. | no 71.6 53 54.39413 -1.394127 |
e o +

Note : model yields unique fitted values for distinct values of smoking and waist
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Questions a simple linear regression can answer

|. How does mean of outcome depend on predictor?

2. What is the precision of the estimated association, and is it
statistically significant?

3. How much of overall variation in the outcome is explained
by the estimated linear model?
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Summarizing regression results

“In unadjusted analysis, higher values of waist circumference were
associated with lower average levels of HDL (0.2 mg/dL lower HDL per
cm increase in waist circumference; 95% Cl -0.32 to -0.07, p = 0.002).

However, waist circumference accounted for only 4% of the variability in
HDL”
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A good summary ....

Doesn’t just focus on statistical significance
Cites slope estimate and 95% CI
Uses sensible “units” for slope

May use R-squared as a measure of substantive importance
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Special Topic: Bootstrap confidence intervals

® When assumptions required for statistical inference from regression
models are violated, the bootstrap can be used to help obtain valid
inferences (Section 3.6,VGSM)

® Bootstrapping involves drawing repeated samples with replacement
from the original sample, and estimating the quantities of interest
from each.The variability in these estimates is used to obtain
confidence intervals

® Bootstrap confidence intervals are “nonparametric” in the sense that
they avoid distributional assumptions typically required for inferences
from regression models

® Typically,a large number of samples (e.g. 1000) is required
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Example: Bootstrap confidence interval for HDL - waist circumference model

® Exploratory analysis reveals that normality of the distribution of HDL is

questionable
Kernel density estimate

Density
02
|

.01
!

[ [ [ [
20 40 60 80 100 120
hdl cholesterol (mg/dl)

Kernel density estimate
Normal density

kernel = epanechnikov, bandwidth = 3.6330

Stata command: kdensity hdl, normal
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Example: Bootstrap confidence interval for HDL - waist circumference model

. bootstrap "~ "regress hdl waist"' _b, reps(1000)
command: regress hdl waist
statistics: b waist = b[waist]
b cons = Db[ cons]
Bootstrap statistics Number of obs = 219
Replications = 1000
Variable Reps Observed Bias Std. Err. [95% Conf. Interval]

|
+
b_waist | 1000 -.1960017 -.0012388 .0667359 -.3269603 -.0650432  (N)
|
|
|
|
|

-.3373865 -.0717307  (P)
~.3401462 -.0727492 (BC)

b cons 1000 68.42785 .1313524 6.41104 55.8472 81.0085 (N)
56.19201 81.75299 (P)
56.11214 81.73902 (BC)
Note N = normal
P = percentile
BC = bias-corrected

® |n this case, inferences largely unchanged compared to standard
approach (see slide #45)

57



