
Regression Trees and 
Random Forests

Lecture 5 – Mark Segal – Epidemiology and Biostatistics



• Breiman, Friedman, Olshen, Stone (1984) CART

• Popularized tree-structured techniques

• Handles classification ((multi) categoric outcomes) and 
regression (continuous outcomes) problems

• subsequent extensions to survival, multiple outcomes

• Trees grown by recursively partitioning feature space 
using univariate binary (into two groups) splitting 

• allowable splits determined by covariate type

• split criterion function determined by outcome type

• Tree size determined by cost-complexity pruning

• captures important interactions; avoids overfitting

Tree-structured Methods 



1. A set of  yes/no questions, splits, framed in terms of 
covariates that partition the predictor space.  
Recursively applying these splits yields a (binary) tree.  
Subsamples created by assigning cases according to splits 
are termed nodes.

2. A split function that can be evaluate for any split of any 
node used to assess the worth of the competing splits.

3. A means for determining appropriate tree size. 

4. Statistical summaries for the nodes of the tree.

CART Paradigm 
  Tree construction involves four constituent components:



• For continuous covariates all order preserving splits are 
allowed: Example: simple classification tree

Example: n = 500 points in p = 2 dimensions, falling into classes 0
and 1, as marked by colors
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Does dividing up the feature space into rectangles look like it
would work here?
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Tree-based methods

Tree-based based methods for predicting y from a feature vector
x 2 Rp divide up the feature space into rectangles, and then fit a
very simple model in each rectangle. This works both when y is
discrete and continuous, i.e., both for classification and regression

Rectangles can be achieved by making successive binary splits on
the predictors variables X1, . . . Xp. I.e., we choose a variable Xj ,
j = 1, . . . p, divide up the feature space according to

Xj  c and Xj > c

Then we proceed on each half

For simplicity, consider classification first (regression later). If a
half is “pure”, meaning that it mostly contains points from one
class, then we don’t need to continue splitting; otherwise, we
continue splitting

2

How many such splits?



• Feature space recursive partitioning can be depicted 
via a tree schematic: 
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• Interpretability derives from mimicking decision process

• For categorical covariates all binary splits into disjoint 
category subsets are allowed.  For such a covariate with 
k levels how many such splits?



Baseball salary data: how would you stratify it?

Salary is color-coded from low (blue, green) to high (yellow,red)
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Decision tree for these data

|
Years < 4.5

Hits < 117.5
5.11

6.00 6.74

5 / 51

Results

• Overall, the tree stratifies or segments the players into
three regions of predictor space: R1 ={X | Years< 4.5},
R2 ={X | Years>=4.5, Hits<117.5}, and R3 ={X |
Years>=4.5, Hits>=117.5}.

Years

H
it
s

1

117.5

238

1 4.5 24

R1

R3

R2

7 / 51



Details of previous figure

• For the Hitters data, a regression tree for predicting the log
salary of a baseball player, based on the number of years that he
has played in the major leagues and the number of hits that he
made in the previous year.

• At a given internal node, the label (of the form Xj < tk)
indicates the left-hand branch emanating from that split, and
the right-hand branch corresponds to Xj � tk. For instance, the
split at the top of the tree results in two large branches. The
left-hand branch corresponds to Years<4.5, and the right-hand
branch corresponds to Years>=4.5.

• The tree has two internal nodes and three terminal nodes, or
leaves. The number in each leaf is the mean of the response for
the observations that fall there.
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• Classification

• Gini diversity index; cross-entropy (deviance)

• not misclassification error

• Regression

• squared error deviations (cf t-statistic)

• least absolute deviations

• Survival

• log-rank statistic

Split Criterion Functions



Sum-of-squares Split Function

Node g = {(x0
i, yi)}, ng = |g|, ȳ(g) = 1

ng

P
i2g yi

SS(g) =
P

i2g(yi � ȳ(g))2

Suppose split s partitions g into nodes gL and gR
SS split fn: �(s, g) = SS(g)� SS(gL)� SS(gR)
Best split s⇤ of g: �(s⇤, g) = maxs2⌦ �(s, g)
where ⌦ is the set of all allowable splits s of g.

Since � � 0 recursive splitting creates smaller
nodes of progressively increasing homogeneity.

<latexit sha1_base64="j8lIpm8bwUs0nZSFfkP0JccVFFk="></latexit><latexit sha1_base64="j8lIpm8bwUs0nZSFfkP0JccVFFk="></latexit><latexit sha1_base64="j8lIpm8bwUs0nZSFfkP0JccVFFk="></latexit><latexit sha1_base64="j8lIpm8bwUs0nZSFfkP0JccVFFk="></latexit>



Determining Tree Size

R(g) cost of node g; for example R(g) = SS(g)
R(G) cost of tree G: R(G) =

P
g2 eG R(g)

where eG is the set of terminal nodes
Complexity of G: | eG|, number of terminal nodes
Cost-complexity: R↵(G) = R(G) + ↵ | eG|; ↵ � 0

Simultaneously minimize cost and complexity:
large trees have small cost, high complexity )
solely minimizing cost leads to overfitting.
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Grow a large initial tree GL.
Find subtree G↵ of GL that minimizes R↵(G).
If ↵ is small, the penalty for large | eG| is small
and hence G↵ will be large.
As ↵%, | eG↵|& .
For ↵ su�ciently large, | eG↵| = 1 and the
minimal cost-complexity tree is the root node
) nested sequence of optimally pruned subtrees.

Pick tree minimizing R↵(G) via cross-validation.

Size determination is a critical consideration.
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|
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FIGURE 8.4. Regression tree analysis for the Hitters data. The unpruned tree
that results from top-down greedy splitting on the training data is shown.

Figures 8.4 and 8.5 display the results of fitting and pruning a regression
tree on the Hitters data, using nine of the features. First, we randomly
divided the data set in half, yielding 132 observations in the training set
and 131 observations in the test set. We then built a large regression tree
on the training data and varied α in (8.4) in order to create subtrees with
different numbers of terminal nodes. Finally, we performed six-fold cross-
validation in order to estimate the cross-validated MSE of the trees as
a function of α. (We chose to perform six-fold cross-validation because
132 is an exact multiple of six.) The unpruned regression tree is shown
in Figure 8.4. The green curve in Figure 8.5 shows the CV error as a
function of the number of leaves,2 while the orange curve indicates the
test error. Also shown are standard error bars around the estimated errors.
For reference, the training error curve is shown in black. The CV error
is a reasonable approximation of the test error: the CV error takes on its

2Although CV error is computed as a function of α, it is convenient to display the
result as a function of |T |, the number of leaves; this is based on the relationship between
α and |T | in the original tree grown to all the training data.

GL baseball data
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FIGURE 8.5. Regression tree analysis for the Hitters data. The training,
cross-validation, and test MSE are shown as a function of the number of termi-
nal nodes in the pruned tree. Standard error bands are displayed. The minimum
cross-validation error occurs at a tree size of three.

minimum for a three-node tree, while the test error also dips down at the
three-node tree (though it takes on its lowest value at the ten-node tree).
The pruned tree containing three terminal nodes is shown in Figure 8.1.

8.1.2 Classification Trees

A classification tree is very similar to a regression tree, except that it is
classification
treeused to predict a qualitative response rather than a quantitative one. Re-

call that for a regression tree, the predicted response for an observation is
given by the mean response of the training observations that belong to the
same terminal node. In contrast, for a classification tree, we predict that
each observation belongs to the most commonly occurring class of training
observations in the region to which it belongs. In interpreting the results of
a classification tree, we are often interested not only in the class prediction
corresponding to a particular terminal node region, but also in the class
proportions among the training observations that fall into that region.
The task of growing a classification tree is quite similar to the task of

growing a regression tree. Just as in the regression setting, we use recursive
binary splitting to grow a classification tree. However, in the classification
setting, RSS cannot be used as a criterion for making the binary splits.
A natural alternative to RSS is the classification error rate. Since we plan

classification
error rateto assign an observation in a given region to the most commonly occurring

class of training observations in that region, the classification error rate is
simply the fraction of the training observations in that region that do not
belong to the most common class:



Ridge regression doesn’t perform variable selection

We can show that ridge regression doesn’t set coe�cients exactly
to zero unless � = 1, in which case they’re all zero. Hence ridge
regression cannot perform variable selection, and even though it
performs well in terms of prediction accuracy, it does poorly in
terms of o↵ering a clear interpretation

E.g., suppose that we are studying the level of
prostate-specific antigen (PSA), which is often
elevated in men who have prostate cancer. We
look at n = 97 men with prostate cancer, and
p = 8 clinical measurements.1 We are inter-
ested in identifying a small number of predic-
tors, say 2 or 3, that drive PSA

2

1Data from Stamey et al. (1989), “Prostate specific antigen in the diag...”
2Figure from http://www.mens-hormonal-health.com/psa-score.html
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Prostate cancer example:



Outcome:  log(PSA)



Trees Versus Linear Models
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Surrogate splits used for handling missing data and 
determining variable importances:



↵
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• Pertain to categorical outcomes

• Utilize same growing (binary splitting) and pruning 
strategies as described for regression trees

• Modify loss function for evaluating competing splits:

• Gini diversity index 

• entropy (information) 

• not misclassification error

• but used for pruning

Classification Trees
312 8. Tree-Based Methods

E = 1−max
k

(p̂mk). (8.5)

Here p̂mk represents the proportion of training observations in the mth
region that are from the kth class. However, it turns out that classification
error is not sufficiently sensitive for tree-growing, and in practice two other
measures are preferable.
The Gini index is defined by

Gini index

G =
K∑

k=1

p̂mk(1− p̂mk), (8.6)

a measure of total variance across the K classes. It is not hard to see
that the Gini index takes on a small value if all of the p̂mk’s are close to
zero or one. For this reason the Gini index is referred to as a measure of
node purity—a small value indicates that a node contains predominantly
observations from a single class.
An alternative to the Gini index is entropy, given by entropy

D = −
K∑

k=1

p̂mk log p̂mk. (8.7)

Since 0 ≤ p̂mk ≤ 1, it follows that 0 ≤ −p̂mk log p̂mk. One can show that
the entropy will take on a value near zero if the p̂mk’s are all near
zero or near one. Therefore, like the Gini index, the entropy will take
on a small value if the mth node is pure. In fact, it turns out that the Gini
index and the entropy are quite similar numerically.
When building a classification tree, either the Gini index or the

entropy are typically used to evaluate the quality of a particular split,
since these two approaches are more sensitive to node purity than is the
classification error rate. Any of these three approaches might be used when
pruning the tree, but the classification error rate is preferable if prediction
accuracy of the final pruned tree is the goal.
Figure 8.6 shows an example on the Heart data set. These data con-

tain a binary outcome HD for 303 patients who presented with chest pain.
An outcome value of Yes indicates the presence of heart disease based on
an angiographic test, while No means no heart disease. There are 13 predic-
tors including Age, Sex, Chol (a cholesterol measurement), and other heart
and lung function measurements. Cross-validation results in a tree with six
terminal nodes.
In our discussion thus far, we have assumed that the predictor vari-

ables take on continuous values. However, decision trees can be constructed
even in the presence of qualitative predictor variables. For instance, in the
Heart data, some of the predictors, such as Sex, Thal (Thallium stress test),
and ChestPain, are qualitative. Therefore, a split on one of these variables
amounts to assigning some of the qualitative values to one branch and
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since these two approaches are more sensitive to node purity than is the
classification error rate. Any of these three approaches might be used when
pruning the tree, but the classification error rate is preferable if prediction
accuracy of the final pruned tree is the goal.
Figure 8.6 shows an example on the Heart data set. These data con-

tain a binary outcome HD for 303 patients who presented with chest pain.
An outcome value of Yes indicates the presence of heart disease based on
an angiographic test, while No means no heart disease. There are 13 predic-
tors including Age, Sex, Chol (a cholesterol measurement), and other heart
and lung function measurements. Cross-validation results in a tree with six
terminal nodes.
In our discussion thus far, we have assumed that the predictor vari-

ables take on continuous values. However, decision trees can be constructed
even in the presence of qualitative predictor variables. For instance, in the
Heart data, some of the predictors, such as Sex, Thal (Thallium stress test),
and ChestPain, are qualitative. Therefore, a split on one of these variables
amounts to assigning some of the qualitative values to one branch and
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E = 1−max
k

(p̂mk). (8.5)

Here p̂mk represents the proportion of training observations in the mth
region that are from the kth class. However, it turns out that classification
error is not sufficiently sensitive for tree-growing, and in practice two other
measures are preferable.
The Gini index is defined by

Gini index

G =
K∑

k=1

p̂mk(1− p̂mk), (8.6)

a measure of total variance across the K classes. It is not hard to see
that the Gini index takes on a small value if all of the p̂mk’s are close to
zero or one. For this reason the Gini index is referred to as a measure of
node purity—a small value indicates that a node contains predominantly
observations from a single class.
An alternative to the Gini index is entropy, given by entropy

D = −
K∑

k=1
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the entropy will take on a value near zero if the p̂mk’s are all near
zero or near one. Therefore, like the Gini index, the entropy will take
on a small value if the mth node is pure. In fact, it turns out that the Gini
index and the entropy are quite similar numerically.
When building a classification tree, either the Gini index or the

entropy are typically used to evaluate the quality of a particular split,
since these two approaches are more sensitive to node purity than is the
classification error rate. Any of these three approaches might be used when
pruning the tree, but the classification error rate is preferable if prediction
accuracy of the final pruned tree is the goal.
Figure 8.6 shows an example on the Heart data set. These data con-

tain a binary outcome HD for 303 patients who presented with chest pain.
An outcome value of Yes indicates the presence of heart disease based on
an angiographic test, while No means no heart disease. There are 13 predic-
tors including Age, Sex, Chol (a cholesterol measurement), and other heart
and lung function measurements. Cross-validation results in a tree with six
terminal nodes.
In our discussion thus far, we have assumed that the predictor vari-

ables take on continuous values. However, decision trees can be constructed
even in the presence of qualitative predictor variables. For instance, in the
Heart data, some of the predictors, such as Sex, Thal (Thallium stress test),
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amounts to assigning some of the qualitative values to one branch and

: proportion of observations in class k and node m



0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

P

Im
pu

rit
y

Gini
Information
rescaled Gini
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where piA is the proportion of those in A that belong to class i for future samples. Since
we would like I(A) =0 when A is pure, f must be concave with f(0) = f(1) = 0.

Two candidates for f are the information index f(p) = �p log(p) and the Gini index
f(p) = p(1� p). We then use that split with maximal impurity reduction

�I = p(A)I(A)� p(AL)I(AL)� p(AR)I(AR)

The two impurity functions are plotted in figure (2), along with a rescaled version of the
Gini measure. For the two class problem the measures di↵er only slightly, and will nearly
always choose the same split point.

Another convex criteria not quite of the above class is twoing for which

I(A) = min
C1C2

[f(pC1) + f(pC2)]

where C1,C2 is some partition of the C classes into two disjoint sets. If C = 2 twoing
is equivalent to the usual impurity index for f . Surprisingly, twoing can be calculated
almost as e�ciently as the usual impurity index. One potential advantage of twoing is that

6

Issue with E is that risk reduction    is linear:
does not differentiate between splits that produce 
(i) purities of 85% and 50% vs (ii) 70% and 70%
Which is preferable?

Sum-of-squares Split Function

Node g = {(x0
i, yi)}, ng = |g|, ȳ(g) = 1

ng

P
i2g yi

SS(g) =
P

i2g(yi � ȳ(g))2

Suppose split s partitions g into nodes gL and gR
SS split fn: �(s, g) = SS(g)� SS(gL)� SS(gR)
Best split s⇤ of g: �(s⇤, g) = maxs2⌦ �(s, g)
where ⌦ is the set of all allowable splits s of g.

Since � � 0 recursive splitting creates smaller
nodes of progressively increasing homogeneity.
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• Variable misclassification costs

• Prescribed class priors / probabilities

• In fact, the manner in which variable misclassification 
costs are incorporated into the loss function is via 
altering class priors

• see the rpart() vignette for details

Classification Tree Features



Classification Tree Example
Stage C prostate cancer
Class outcome: progression status

3.3 Example: Stage C prostate cancer (class method)

This first example is based on a data set of 146 stage C prostate cancer patients [4]. The
main clinical endpoint of interest is whether the disease recurs after initial surgical removal
of the prostate, and the time interval to that progression (if any). The endpoint in this
example is status, which takes on the value 1 if the disease has progressed and 0 if not.
Later we’ll analyze the data using the exp method, which will take into account time to
progression. A short description of each of the variables is listed below. The main predictor
variable of interest in this study was DNA ploidy, as determined by flow cytometry. For
diploid and tetraploid tumors, the flow cytometry method was also able to estimate the
percent of tumor cells in a G2 (growth) stage of their cell cycle; G2% is systematically
missing for most aneuploid tumors.

The variables in the data set are

pgtime time to progression, or last follow-up free of progression
pgstat status at last follow-up (1=progressed, 0=censored)
age age at diagnosis
eet early endocrine therapy (1=no, 0=yes)
ploidy diploid/tetraploid/aneuploid DNA pattern
g2 % of cells in G2 phase
grade tumor grade (1-4)
gleason Gleason grade (3-10)

The model is fit by using the rpart function. The first argument of the function is a
model formula, with the ⇠ symbol standing for “is modeled as”. The print function gives
an abbreviated output, as for other S models. The plot and text command plot the tree
and then label the plot, the result is shown in figure 3.

> progstat <- factor(stagec$pgstat, levels = 0:1, labels = c("No", "Prog"))

> cfit <- rpart(progstat ~ age + eet + g2 + grade + gleason + ploidy,

data = stagec, method = 'class')
> print(cfit)

n= 146

node), split, n, loss, yval, (yprob)

* denotes terminal node

1) root 146 54 No (0.6301370 0.3698630)

2) grade< 2.5 61 9 No (0.8524590 0.1475410) *

3) grade>=2.5 85 40 Prog (0.4705882 0.5294118)

6) g2< 13.2 40 17 No (0.5750000 0.4250000)

12) ploidy=diploid,tetraploid 31 11 No (0.6451613 0.3548387)

10

Time-to-event outcomes: survival trees
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data = stagec, method = 'class')
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1) root 146 54 No (0.6301370 0.3698630)
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24) g2>=11.845 7 1 No (0.8571429 0.1428571) *

25) g2< 11.845 24 10 No (0.5833333 0.4166667)

50) g2< 11.005 17 5 No (0.7058824 0.2941176) *

51) g2>=11.005 7 2 Prog (0.2857143 0.7142857) *

13) ploidy=aneuploid 9 3 Prog (0.3333333 0.6666667) *

7) g2>=13.2 45 17 Prog (0.3777778 0.6222222)

14) g2>=17.91 22 8 No (0.6363636 0.3636364)

28) age>=62.5 15 4 No (0.7333333 0.2666667) *

29) age< 62.5 7 3 Prog (0.4285714 0.5714286) *

15) g2< 17.91 23 3 Prog (0.1304348 0.8695652) *

> par(mar = rep(0.1, 4))

> plot(cfit)

> text(cfit)

• The creation of a labeled factor variable as the response improves the labeling of the
printout.

• We have explicitly directed the routine to treat progstat as a categorical variable
by asking for method=’class’. (Since progstat is a factor this would have been the
default choice). Since no optional classification parameters are specified the routine
will use the Gini rule for splitting, prior probabilities that are proportional to the
observed data frequencies, and 0/1 losses.

• The child nodes of node x are always 2x and 2x+1, to help in navigating the printout
(compare the printout to figure 3).

• Other items in the list are the definition of the split used to create a node, the
number of subjects at the node, the loss or error at the node (for this example, with
proportional priors and unit losses this will be the number misclassified), and the
predicted class for the node.

• * indicates that the node is terminal.

• Grades 1 and 2 go to the left, grades 3 and 4 go to the right. The tree is arranged so
that the branches with the largest “average class” go to the right.

3.4 Variable importance

The long form of the printout for the stage C data, obtained with the summary function,
contains further information on the surrogates. The cp option of the summary function
instructs it to prune the printout, but it does not prune the tree. For each node up to 5

11
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g2< 11
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No  
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No  Prog

Prog

No  Prog
Prog

Figure 3: Classification tree for the Stage C data
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• Interpretability; graphical display; mimic decision process 

• Invariance under monotone transformation

• finesses normalization complexities

• Handling of mixed covariate types

• Handling of missing data

• Provision of covariate importance scores

• Filtering, variable selection

• Devoid of parametric assumptions

• Insensitivity to outliers

• Predictive performance ?

Tree Attributes



38 2. Overview of Supervised Learning

High Bias

Low Variance

Low Bias

High Variance

P
re

d
ic

ti
on

E
rr

or

Model Complexity

Training Sample

Test Sample

Low High

FIGURE 2.11. Test and training error as a function of model complexity.

be close to f(x0). As k grows, the neighbors are further away, and then
anything can happen.

The variance term is simply the variance of an average here, and de-
creases as the inverse of k. So as k varies, there is a bias–variance tradeoff.

More generally, as the model complexity of our procedure is increased, the
variance tends to increase and the squared bias tends to decrease. The op-
posite behavior occurs as the model complexity is decreased. For k-nearest
neighbors, the model complexity is controlled by k.

Typically we would like to choose our model complexity to trade bias
off with variance in such a way as to minimize the test error. An obvious
estimate of test error is the training error 1

N

∑
i(yi − ŷi)2. Unfortunately

training error is not a good estimate of test error, as it does not properly
account for model complexity.

Figure 2.11 shows the typical behavior of the test and training error, as
model complexity is varied. The training error tends to decrease whenever
we increase the model complexity, that is, whenever we fit the data harder.
However with too much fitting, the model adapts itself too closely to the
training data, and will not generalize well (i.e., have large test error). In
that case the predictions f̂(x0) will have large variance, as reflected in the
last term of expression (2.46). In contrast, if the model is not complex
enough, it will underfit and may have large bias, again resulting in poor
generalization. In Chapter 7 we discuss methods for estimating the test
error of a prediction method, and hence estimating the optimal amount of
model complexity for a given prediction method and training set.

Predictive Performance



• Better the model fits, the more sound the inference

• Conventional models and CART tend to fit poorly

• Fit measured by prediction error (PE)

• Substantial gains in PE can be achieved by using 
ensembles of (weak, unstable) predictors

•  in particular, individual trees

Breiman Mantra



• Bootstrap aggregation - bagging - general purpose 
procedure for reducing variance of prediction method

• Based on the simple fact that the variance of the mean 
of B iid observations is reduced (by a factor of B)

• Bootstrap used to generate id datasets

• prediction method trained on each and averaged:

Bagging
Bagging— continued

• Instead, we can bootstrap, by taking repeated samples
from the (single) training data set.

• In this approach we generate B di↵erent bootstrapped
training data sets. We then train our method on the bth
bootstrapped training set in order to get f̂⇤b(x), the
prediction at a point x. We then average all the predictions
to obtain

f̂bag(x) =
1

B

BX

b=1

f̂⇤b(x).

This is called bagging.

32 / 51



• Breiman (2001a,b)

• Have become a forefront prediction technique

• Gains in prediction performance over individual trees

• PE variance reduced by averaging over the 
randomness-injected bootstrap ensemble of trees 

• Individual trees grown to large / maximal depth

• Major departure from CART paradigm

• Seemingly, averaging over the ensemble more than 
compensates for increased individual tree variability

• Bootstrapping provides built-in estimate of PE: OOB

• Interpretation aided by variable importance measures

Random Forests 



• Draw B bootstrap samples from the original dataset

• Grow a tree for each bootstrap sample but

• For each split of each tree only use a random sample 
of m(try) covariates; m(try) = sqrt(p) (classn);  p/3 (regn)

• Bagging precursor has m(try) = p

• Grow to large / maximal depth

• No pruning / C-V selection to ensure id

• Creates a diverse (decorrelated?) collection of trees 

• trees are unstable wrt changes in learning data

• splits based on random covariate subsets

Random Forest Construction



Intuition of Random Forest 

2 

young old 

short tall 

healthy diseased 

young old 

diseased 

female male 

healthy healthy 

working retired 

healthy 

short tall 

healthy diseased 

New sample: 
old, retired, male, short 
Tree predictions: 
diseased, healthy, diseased 

  

Majority rule: 
diseased 

healthy 

healthy 
diseased healthy 

Tree 1 

Tree 3 

Tree 2 





• At each split of each tree majority of covariates excluded

• seems misguided (!)

• Suppose there is a very strong predictor and several 
moderately strong predictors

• Under bagging, most trees will utilize the strong 
predictor as first split 

• collection of trees is highly similar

• predictions from the bagged trees are highly correlated

• limited gain from averaging highly correlated quantities 

Random Forest Intuition



Why Random Forest works 2/2 

6 

i=j 

Decreases, if number of trees B  
increases (irrespective of 𝜌) 

Decreaes, if  
𝜌 decreases, i.e., if  
m decreases  

De-correlation gives  
better accuracy 



A RF is a collection of tree predictors
h(x;✓t), t = 1, . . . , T ; ✓t iid random vectors
For regression, the forest prediction is the
unweighted average over the collection: h̄(x)

As t!1 the Law of Large Numbers ensures
EX,Y (Y � h̄(X))2 ! EX,Y (Y � E✓h(X;✓))2
⌘ PE⇤

f the forest prediction error

Convergence implies forests don’t overfit





• Growing trees to maximal depth minimizes bias

• But potentially incurs prediction variance cost

• Averaging over ensemble putatively handles this

• But how was it established that such averaging  
(more than) compensates for increased individual 
tree variability?? 

• Hard to address theoretically 

• Breiman (2001a,b) addressed empirically using

• UCI Irvine machine learning benchmark datasets

• Includes classification and regression problems

• Simulated and (predominantly) real data

• Exported to R mlbench library 
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Table 1
Data set descriptions

Training Test
Data set Sample size Sample size Variables Classes

Cancer 699 — 9 2
Ionosphere 351 — 34 2
Diabetes 768 — 8 2
Glass 214 — 9 6
Soybean 683 — 35 19

Letters 15,000 5000 16 26
Satellite 4,435 2000 36 6
Shuttle 43,500 14,500 9 7
DNA 2,000 1,186 60 3
Digit 7,291 2,007 256 10

that in many states, the trials were anything but
speedy. It funded a study of the causes of the delay.
I visited many states and decided to do the anal-
ysis in Colorado, which had an excellent computer-
ized court data system. A wealth of information was
extracted and processed.

The dependent variable for each criminal case
was the time from arraignment to the time of sen-
tencing. All of the other information in the trial his-
tory were the predictor variables. A large decision
tree was grown, and I showed it on an overhead and
explained it to the assembled Colorado judges. One
of the splits was on District N which had a larger
delay time than the other districts. I refrained from
commenting on this. But as I walked out I heard one
judge say to another, “I knew those guys in District
N were dragging their feet.”

While trees rate an A+ on interpretability, they
are good, but not great, predictors. Give them, say,
a B on prediction.

9.1 Growing Forests for Prediction

Instead of a single tree predictor, grow a forest of
trees on the same data—say 50 or 100. If we are
classifying, put the new x down each tree in the for-
est and get a vote for the predicted class. Let the for-
est prediction be the class that gets the most votes.
There has been a lot of work in the last five years on
ways to grow the forest. All of the well-known meth-
ods grow the forest by perturbing the training set,
growing a tree on the perturbed training set, per-
turbing the training set again, growing another tree,
etc. Some familiar methods are bagging (Breiman,
1996b), boosting (Freund and Schapire, 1996), arc-
ing (Breiman, 1998), and additive logistic regression
(Friedman, Hastie and Tibshirani, 1998).

My preferred method to date is random forests. In
this approach successive decision trees are grown by
introducing a random element into their construc-
tion. For example, suppose there are 20 predictor

variables. At each node choose several of the 20 at
random to use to split the node. Or use a random
combination of a random selection of a few vari-
ables. This idea appears in Ho (1998), in Amit and
Geman (1997) and is developed in Breiman (1999).

9.2 Forests Compared to Trees

We compare the performance of single trees
(CART) to random forests on a number of small
and large data sets, mostly from the UCI repository
(ftp.ics.uci.edu/pub/MachineLearningDatabases). A
summary of the data sets is given in Table 1.

Table 2 compares the test set error of a single tree
to that of the forest. For the five smaller data sets
above the line, the test set error was estimated by
leaving out a random 10% of the data, then run-
ning CART and the forest on the other 90%. The
left-out 10% was run down the tree and the forest
and the error on this 10% computed for both. This
was repeated 100 times and the errors averaged.
The larger data sets below the line came with a
separate test set. People who have been in the clas-
sification field for a while find these increases in
accuracy startling. Some errors are halved. Others
are reduced by one-third. In regression, where the

Table 2
Test set misclassification error (%)

Data set Forest Single tree

Breast cancer 2.9 5.9
Ionosphere 5.5 11.2
Diabetes 24.2 25.3
Glass 22.0 30.4
Soybean 5.7 8.6

Letters 3.4 12.4
Satellite 8.6 14.8
Shuttle ×103 7.0 62.0
DNA 3.9 6.2
Digit 6.2 17.1

Breiman (2001a,b)

Some classification results from UCI Irvine 
machine learning benchmark datasets: 



• Many further comparisons using the UCI Irvine / 
mlbench repository datasets:

• several modeling / prediction frameworks:

•  CART,  ANNs, LDA, QDA, kNNs...

• regression and classification problems

• Conclusion:  “Random Forests are A+ predictors’’

• Discussion (Efron): Lots of knobs (tuning parameters)

• Rejoinder (Breiman):  Essentially only one (mtry)

• But, lets take a closer look at the UCI Irvine / 
mlbench repository datasets
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Figure 2: UCI Repository: Regression tree prediction error profiles. Note that the upper left plot corre-
sponds to modification of a synthetic repository dataset in order to achieve a non-monotone error profile;
see Section 4.
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Figure 3: UCI Repository: Classification tree prediction error profiles, I.
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Figure 4: UCI Repository: Classification tree prediction error profiles, II.
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Figure 5: UCI Repository: Classification tree prediction error profiles, III.

Of course the error profiles depend on the class of model being fitted. While it is appropriate to utilize tree-
structured models in dissecting the random forest mechanism, it is also purposeful to assess whether the
datasets can’t be overfit under other model classes. To that end we investigate error profiles corresponding
to least angle regression (LARS). LARS represents a recently devised (Efron et al., 2004) technique that
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Figure 2: UCI Repository: Regression tree prediction error profiles. Note that the upper left plot corre-
sponds to modification of a synthetic repository dataset in order to achieve a non-monotone error profile;
see Section 4.
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Figure 3: UCI Repository: Classification tree prediction error profiles, I.

5



• Almost all UCI Irvine machine learning 
benchmark datasets exhibit this behavior:      

• they are hard to overfit {not just with trees}

• This will make the Random Forest strategy of 
growing trees to maximal depth look good

• “Benchmarks” are not representative of what is 
at least thought to be prototypic

• Will next showcase such an example



HIV-1Replication Capacity
• RC assay measures viral fitness under ideal conditions

• wide natural variation; unknown genetic basis

• identification of sites influencing variation important:

• viral lifecycle, relation to clinical outcomes, 
virulence, drug targets

• Major anti-retrovirals target reverse transcriptase (RT) 
or protease (PRO)

• resistance causing mutations found within these 
proteins 



HIV-1Replication Capacity
• 336 patients with RC values linked to HIV-1 sequence:

• PRO codons 4 - 99;  RT codons 38 - 223

• amino acids represent an unordered categorical 
covariate with 20 levels

• naturally and exhaustively handled via tree methods

• smoothness / linearity moot

• strong pairwise dependencies (Bickel et al., 1996)



|

RT184:E,V

RT215:Y

RT178:I,M

RT184:M

RT215:C,D,F,N,S,T

RT178:L,V

41.67
 n=336

23.16
 n=61

45.77
 n=275

25.09
 n=14

46.88
 n=261

43.77
 n=173

53.00
 n=88

Figure 1: Schematic for (pruned) tree-structured model of replication capacity based on PRO
and RT sequence. Within each internal (ellipse) and terminal (rectangle) node the RC average
and sample size is given. The branches emanating from internal nodes are labeled with the
position and attendant amino acids defining the split.

there are known e↵ects on RC. These splits are detailed in Table 1.

However, it is the third split on RT178 that is the most interesting in terms of novelty. In order

to appraise genotype-RC relationships without the overlay of drug resistance, we performed

a TSM analysis on the subset of patients with wildtype virus (i.e., those possessing sequence

exhibiting no known genotypic resistance mutations); see Barbour et al., (2003) for details.

The key split to emerge, again withstanding cross-validation, was on RT177. Now while

numerous drug resistance mutations have been shown to lower HIV-1 RC, the role of such

naturally occurring polymorphisms in influencing RC has not been explored. RT177 and

RT178 sit next to one another along a protein loop that also holds 2 amino acids critical to the

protein’s function; see Figure (2). These residues, RT185 and RT186, are carefully positioned to

coordinate two positively charged metal (Mg2+) ions critical to binding the template. Changes

at RT177 and RT178 away from wild-type may change the position of RT185 and RT186,

altering their interaction with the metal ions, and impacting enzyme function.
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Table 1: First splits for the OPTIONS data

Primary Splits Surrogate Splits

Split Drugs for which site is Split Drugs for which site is
site known resistance mutation site known resistance mutation

RT184 ddI, ddC, ABC, 3TC PR71 IDV, RTV, SQV LPV
RT215 ZDV, d4T, ABC PR82 IDV, RTV, possibly LPV
PR90 SQV, IDV PR90 SQV, NFV
RT67 ZDV, d4T, ABC RT215 ZDV, d4T, ABC
RT41 ZDV, d4T, ABC PR73 IDV, SQV, AMP, LPV

Figure 2: Ribbon diagram of reverse transcriptase identifying key positions.

4.2 Random Forests

In view of the abovementioned (Section 2.4) modest predictive ability of tree methods, and

the potential improvements a↵orded by random forests (3), we applied the latter to the RC

- genotype data. Results with regard prediction error are presented in Table 2 while position

importances corresponding to the forest with minimal prediction error are depicted in Figure

3. Note consistency with the TSM results in terms of the prominence of RT184 and RT215.

Few trends are apparent. For both the recommended default value of m (⇡ p/3 ⇡ 100) and

14
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Table 2: Prediction Errors: Replication Capacity, n = 336, p = 276

# Splits per Tree Minimum # Covariates per Split (m)
Node Size 10 20 100 276

Unrestricted 5 589.7 590.4 608.2 602.9
25 589.2 586.7 587.5 593.8
50 594.0 583.7 582.1 584.2

5 5 602.9 592.9 575.6 578.6
25 598.5 587.4 576.2 577.1
50 592.4 588.4 581.2 581.6

for bagging (m = p = 276), substantial improvement in PE can be achieved by restricting

the number of splits (nsplit = 5). For those forests grown without such restriction, gains

are realized by increasing the minimum node size (nthsize) for which splitting is allowed.

Controlling nthsize proves unnecessary, or even counterproductive, for the split restricted

forests. This illustrates the previously mentioned interplay between nsplit and nthsize and

arguably shows that the former provides a more expedient means for exploring a range of

models.

It is of interest to note that the best PE achieved by the suite of random forests examined

coincides with the PE attained from a single pruned tree. Such an optimally pruned tree

features just a single split. One contributing factor relates to the nature of sequence data. For

a variety of biological reasons we anticipate strong between position dependencies. Indeed,

applying the likelihood ratio / permutation testing approach developed by Bickel et al., (1996)

for assessing correlation when dealing with categorical (e.g. amino acid levels) covariates

reveals that, for reverse transcriptase positions, approximately 40% of all possible pairwise

position correlations are simultaneously significant (p < 0.01). It is this strong between position

correlation that thwarts the e↵ectiveness of the random forest variance reduction strategy: ⇢̄

in (3) will be large.
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Prediction Errors:
Worst performance at default settings
Improvements realized by restricting # Splits per Tree

No gain over individual tree due to strong covariate
dependencies

Not overly sensitive to number of trees in the forest 
provided this is sufficiently large (default 500)



• These examples are cautionary

• RF remain a forefront prediction technique

• In addition to (generally) improving the prediction 
performance of individual trees (their main deficiency) 
RF inherit the other advantages of tree methods:

• handling missing data, mixed variable types

• computationally efficient even in large problems

• speed-ups, parallelization, OOB error estimates

• Interpretation remains an issue as complexities 
surround widely used variable importance measures

Random Forests 



• Tree-structured methods:

• rpart, party(kit)

• Forests:

• randomForest, randomForestSRC, ranger

• Multivariate response:

• integratedMRF

• Stable high-order interactions:

• iteratedRF

R Software & Extensions


