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Recap: multiple linear regression

6
Linear Model Selection
and Regularization

In the regression setting, the standard linear model

Y = β0 + β1X1 + · · ·+ βpXp + ϵ (6.1)

is commonly used to describe the relationship between a response Y and
a set of variables X1, X2, . . . , Xp. We have seen in Chapter 3 that one
typically fits this model using least squares.
In the chapters that follow, we consider some approaches for extending

the linear model framework. In Chapter 7 we generalize (6.1) in order to
accommodate non-linear, but still additive, relationships, while in Chap-
ter 8 we consider even more general non-linear models. However, the linear
model has distinct advantages in terms of inference and, on real-world prob-
lems, is often surprisingly competitive in relation to non-linear methods.
Hence, before moving to the non-linear world, we discuss in this chapter
some ways in which the simple linear model can be improved, by replacing
plain least squares fitting with some alternative fitting procedures.
Why might we want to use another fitting procedure instead of least

squares? As we will see, alternative fitting procedures can yield better pre-
diction accuracy and model interpretability.

• Prediction Accuracy: Provided that the true relationship between the
response and the predictors is approximately linear, the least squares
estimates will have low bias. If n ≫ p—that is, if n, the number of
observations, is much larger than p, the number of variables—then the
least squares estimates tend to also have low variance, and hence will
perform well on test observations. However, if n is not much larger
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Frequently used to describe relationship between 
continuous outcome Y and multiple predictors Xj

Coefficients      are estimated by the least squares 
criterion:  minimize the residual sum-of-squares:
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obvious why such a constraint should improve the fit, but it turns out that
shrinking the coefficient estimates can significantly reduce their variance.
The two best-known techniques for shrinking the regression coefficients
towards zero are ridge regression and the lasso.

6.2.1 Ridge Regression

Recall from Chapter 3 that the least squares fitting procedure estimates
β0,β1, . . . ,βp using the values that minimize
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Ridge regression is very similar to least squares, except that the coefficients
ridge
regressionare estimated by minimizing a slightly different quantity. In particular, the

ridge regression coefficient estimates β̂R are the values that minimize
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where λ ≥ 0 is a tuning parameter, to be determined separately. Equa-
tuning
parametertion 6.5 trades off two different criteria. As with least squares, ridge regres-

sion seeks coefficient estimates that fit the data well, by making the RSS
small. However, the second term, λ

∑
j β

2
j , called a shrinkage penalty, is

shrinkage
penaltysmall when β1, . . . ,βp are close to zero, and so it has the effect of shrinking

the estimates of βj towards zero. The tuning parameter λ serves to control
the relative impact of these two terms on the regression coefficient esti-
mates. When λ = 0, the penalty term has no effect, and ridge regression
will produce the least squares estimates. However, as λ→∞, the impact of
the shrinkage penalty grows, and the ridge regression coefficient estimates
will approach zero. Unlike least squares, which generates only one set of co-
efficient estimates, ridge regression will produce a different set of coefficient
estimates, β̂R

λ , for each value of λ. Selecting a good value for λ is critical;
we defer this discussion to Section 6.2.3, where we use cross-validation.
Note that in (6.5), the shrinkage penalty is applied to β1, . . . ,βp, but

not to the intercept β0. We want to shrink the estimated association of
each variable with the response; however, we do not want to shrink the
intercept, which is simply a measure of the mean value of the response
when xi1 = xi2 = . . . = xip = 0. If we assume that the variables—that is,
the columns of the data matrix X—have been centered to have mean zero
before ridge regression is performed, then the estimated intercept will take
the form β̂0 = ȳ =

∑n
i=1 yi/n.
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Resulting LS estimates have minimum variance amongst 
the class of all unbiased estimates



Let y 2 Rn be a fn of multiple predictors X1, . . . , Xp 2 Rn

Collect predictors into columns of matrix X 2 Rn⇥p

Assume X1, . . . , Xp are linearly independent: rank(X) = p
Model: y = X�⇤ + ✏
where �⇤ = (�⇤

1 , . . . ,�
⇤
p) 2 Rp are the true coe�cients and the

errors ✏ = (✏1, . . . , ✏n) 2 Rn ⇠ (0,�2I)

Appealing to the (7 if) Gauss-Markov theorem estimate the
coe�cients �̂ by least squares:

�̂ = argmin
�2Rp

||y �X�||22

with solution
�̂ = (XTX)�1XT y
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RSS

Penalized regression
Ridge regression

Bayesian interpretation

Objective and estimate
Understanding the penalty’s e↵ect
Properties

Bias and variance

The variance of the ridge regression estimate is

Var(b�) = �2WXTXW,

where W = (XTX+ n�I)�1

Meanwhile, the bias is

Bias(b�) = �n�W�

Both bias and variance contribute to overall accuracy, as
measured by mean squared error (MSE):
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Penalized regression
Ridge regression

Bayesian interpretation

Objective and estimate
Understanding the penalty’s e↵ect
Properties

Existence theorem

So, is ridge regression better than maximum likelihood (OLS)?

Theorem: There always exists a value � such that

MSE
⇣
b��

⌘
< MSE

⇣
b�
OLS

⌘

This is a rather surprising result with somewhat radical
implications: despite the typically impressive theoretical
properties of maximum likelihood and linear regression, we
can always obtain a better estimator by shrinking the MLE
towards zero
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Linear Model Selection
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So, we have minimum variance unbiased estimates

End of story, right?

Wrong!  What can go wrong?



• Non-linearity (smoothing, additive models)

• Irrelevant, noisy predictors (variable selection)

• Collinearity, interpretability (variable selection)

• Dependent, heterogeneous errors (GLS)

• Predictive performance, even when underlying 
model is linear (regularization)

• p > n (dimension reduction, regularization)

Shortcomings (remedies)



• Best subsets regression

• try all models of all sizes (1,…p); pick best fit

• computationally burdensome: 2p candidates

• Forward stepwise regression

• fit sequentially: enter best variable at each step

• stop using thresholds or picking overall best fit

• Best fit determination requires estimating test error 

• modify training error to account for overfitting

• use cross-validation or independent test data

Variable Selection Strategies 
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statistics, or other traditional measures of model fit on the training data as
evidence of a good model fit in the high-dimensional setting. For instance,
as we saw in Figure 6.23, one can easily obtain a model with R2 = 1 when
p > n. Reporting this fact might mislead others into thinking that a sta-
tistically valid and useful model has been obtained, whereas in fact this
provides absolutely no evidence of a compelling model. It is important to
instead report results on an independent test set, or cross-validation errors.
For instance, the MSE or R2 on an independent test set is a valid measure
of model fit, but the MSE on the training set certainly is not.

6.5 Lab 1: Subset Selection Methods

6.5.1 Best Subset Selection

Here we apply the best subset selection approach to the Hitters data. We
wish to predict a baseball player’s Salary on the basis of various statistics
associated with performance in the previous year.
First of all, we note that the Salary variable is missing for some of the

players. The is.na() function can be used to identify the missing observa-
is.na()

tions. It returns a vector of the same length as the input vector, with a TRUE

for any elements that are missing, and a FALSE for non-missing elements.
The sum() function can then be used to count all of the missing elements.

sum()
> library (ISLR)

> fix(Hitters )

> names(Hitters )

[1] "AtBat " "Hits" "HmRun " "Runs" "RBI"

[6] "Walks " "Years " "CAtBat " "CHits " "CHmRun "

[11] "CRuns " "CRBI" "CWalks " "League " "Division "

[16] "PutOuts " "Assists " "Errors " "Salary " "NewLeague "

> dim(Hitters )

[1] 322 20

> sum(is.na(Hitters$Salary))

[1] 59

Hence we see that Salary is missing for 59 players. The na.omit() function
removes all of the rows that have missing values in any variable.

> Hitters =na.omit(Hitters )

> dim(Hitters )

[1] 263 20

> sum(is.na(Hitters ))

[1] 0

The regsubsets() function (part of the leaps library) performs best sub-
regsubsets()

set selection by identifying the best model that contains a given number
of predictors, where best is quantified using RSS. The syntax is the same
as for lm(). The summary() command outputs the best set of variables for
each model size.

244 6. Linear Model Selection and Regularization

statistics, or other traditional measures of model fit on the training data as
evidence of a good model fit in the high-dimensional setting. For instance,
as we saw in Figure 6.23, one can easily obtain a model with R2 = 1 when
p > n. Reporting this fact might mislead others into thinking that a sta-
tistically valid and useful model has been obtained, whereas in fact this
provides absolutely no evidence of a compelling model. It is important to
instead report results on an independent test set, or cross-validation errors.
For instance, the MSE or R2 on an independent test set is a valid measure
of model fit, but the MSE on the training set certainly is not.

6.5 Lab 1: Subset Selection Methods

6.5.1 Best Subset Selection

Here we apply the best subset selection approach to the Hitters data. We
wish to predict a baseball player’s Salary on the basis of various statistics
associated with performance in the previous year.
First of all, we note that the Salary variable is missing for some of the

players. The is.na() function can be used to identify the missing observa-
is.na()

tions. It returns a vector of the same length as the input vector, with a TRUE

for any elements that are missing, and a FALSE for non-missing elements.
The sum() function can then be used to count all of the missing elements.

sum()
> library (ISLR)

> fix(Hitters )

> names(Hitters )

[1] "AtBat " "Hits" "HmRun " "Runs" "RBI"

[6] "Walks " "Years " "CAtBat " "CHits " "CHmRun "

[11] "CRuns " "CRBI" "CWalks " "League " "Division "

[16] "PutOuts " "Assists " "Errors " "Salary " "NewLeague "

> dim(Hitters )

[1] 322 20

> sum(is.na(Hitters$Salary))

[1] 59

Hence we see that Salary is missing for 59 players. The na.omit() function
removes all of the rows that have missing values in any variable.

> Hitters =na.omit(Hitters )

> dim(Hitters )

[1] 263 20

> sum(is.na(Hitters ))

[1] 0

The regsubsets() function (part of the leaps library) performs best sub-
regsubsets()

set selection by identifying the best model that contains a given number
of predictors, where best is quantified using RSS. The syntax is the same
as for lm(). The summary() command outputs the best set of variables for
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There are many strategies for handling missing data with 
the pattern, extent, missingness mechanism and planned 
analysis method all being germane considerations. 
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> library (leaps)

> regfit .full=regsubsets (Salary∼.,Hitters )
> summary (regfit .full)

Subset selection object

Call: regsubsets .formula (Salary ∼ ., Hitters )

19 Variables (and intercept )

...

1 subsets of each size up to 8

Selection Algorithm : exhaustive

AtBat Hits HmRun Runs RBI Walks Years CAtBat CHits

1 ( 1 ) " " " " " " " " " " " " " " " " " "

2 ( 1 ) " " "*" " " " " " " " " " " " " " "

3 ( 1 ) " " "*" " " " " " " " " " " " " " "

4 ( 1 ) " " "*" " " " " " " " " " " " " " "

5 ( 1 ) "*" "*" " " " " " " " " " " " " " "

6 ( 1 ) "*" "*" " " " " " " "*" " " " " " "

7 ( 1 ) " " "*" " " " " " " "*" " " "*" "*"

8 ( 1 ) "*" "*" " " " " " " "*" " " " " " "

CHmRun CRuns CRBI CWalks LeagueN DivisionW PutOuts

1 ( 1 ) " " " " "*" " " " " " " " "

2 ( 1 ) " " " " "*" " " " " " " " "

3 ( 1 ) " " " " "*" " " " " " " "*"

4 ( 1 ) " " " " "*" " " " " "*" "*"

5 ( 1 ) " " " " "*" " " " " "*" "*"

6 ( 1 ) " " " " "*" " " " " "*" "*"

7 ( 1 ) "*" " " " " " " " " "*" "*"

8 ( 1 ) "*" "*" " " "*" " " "*" "*"

Assists Errors NewLeagueN

1 ( 1 ) " " " " " "

2 ( 1 ) " " " " " "

3 ( 1 ) " " " " " "

4 ( 1 ) " " " " " "

5 ( 1 ) " " " " " "

6 ( 1 ) " " " " " "

7 ( 1 ) " " " " " "

8 ( 1 ) " " " " " "

An asterisk indicates that a given variable is included in the corresponding
model. For instance, this output indicates that the best two-variable model
contains only Hits and CRBI. By default, regsubsets() only reports results
up to the best eight-variable model. But the nvmax option can be used
in order to return as many variables as are desired. Here we fit up to a
19-variable model.

> regfit .full=regsubsets (Salary∼.,data=Hitters ,nvmax =19)

> reg.summary =summary (regfit .full)

The summary() function also returns R2, RSS, adjusted R2, Cp, and BIC.
We can examine these to try to select the best overall model.

> names(reg .summary )

[1] "which" "rsq " "rss " "adjr2" "cp" "bic"

[7] "outmat " "obj "
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For instance, we see that the R2 statistic increases from 32%, when only
one variable is included in the model, to almost 55%, when all variables
are included. As expected, the R2 statistic increases monotonically as more
variables are included.

> reg. summary$rsq

[1] 0.321 0.425 0.451 0.475 0.491 0.509 0.514 0.529 0.535

[10] 0.540 0.543 0.544 0.544 0.545 0.545 0.546 0.546 0.546

[19] 0.546

Plotting RSS, adjusted R2, Cp, and BIC for all of the models at once will
help us decide which model to select. Note the type="l" option tells R to
connect the plotted points with lines.

> par(mfrow =c(2,2))

> plot(reg.summary$rss ,xlab=" Number of Variables ",ylab=" RSS",

type="l")

> plot(reg.summary$adjr2 ,xlab =" Number of Variables ",

ylab=" Adjusted RSq",type="l")

The points() command works like the plot() command, except that it
points()

puts points on a plot that has already been created, instead of creating a
new plot. The which.max() function can be used to identify the location of
the maximum point of a vector. We will now plot a red dot to indicate the
model with the largest adjusted R2 statistic.

> which.max (reg.summary$adjr2)

[1] 11

> points (11, reg.summary$adjr2[11], col ="red",cex =2, pch =20)

In a similar fashion we can plot the Cp and BIC statistics, and indicate the
models with the smallest statistic using which.min().

which.min()

> plot(reg.summary$cp ,xlab =" Number of Variables ",ylab="Cp",

type=’l’)

> which.min (reg.summary$cp )

[1] 10

> points (10, reg.summary$cp [10], col ="red",cex =2, pch =20)

> which.min (reg.summary$bic )

[1] 6

> plot(reg.summary$bic ,xlab=" Number of Variables ",ylab=" BIC",

type=’l’)

> points (6, reg .summary$bic [6], col =" red",cex =2, pch =20)

The regsubsets() function has a built-in plot() command which can
be used to display the selected variables for the best model with a given
number of predictors, ranked according to the BIC, Cp, adjusted R2, or
AIC. To find out more about this function, type ?plot.regsubsets.

> plot(regfit .full ,scale ="r2")

> plot(regfit .full ,scale =" adjr2 ")

> plot(regfit .full ,scale ="Cp")

> plot(regfit .full ,scale ="bic ")
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points()

puts points on a plot that has already been created, instead of creating a
new plot. The which.max() function can be used to identify the location of
the maximum point of a vector. We will now plot a red dot to indicate the
model with the largest adjusted R2 statistic.

> which.max (reg.summary$adjr2)

[1] 11

> points (11, reg.summary$adjr2[11], col ="red",cex =2, pch =20)

In a similar fashion we can plot the Cp and BIC statistics, and indicate the
models with the smallest statistic using which.min().

which.min()

> plot(reg.summary$cp ,xlab =" Number of Variables ",ylab="Cp",

type=’l’)

> which.min (reg.summary$cp )

[1] 10

> points (10, reg.summary$cp [10], col ="red",cex =2, pch =20)

> which.min (reg.summary$bic )

[1] 6

> plot(reg.summary$bic ,xlab=" Number of Variables ",ylab=" BIC",

type=’l’)

> points (6, reg .summary$bic [6], col =" red",cex =2, pch =20)

The regsubsets() function has a built-in plot() command which can
be used to display the selected variables for the best model with a given
number of predictors, ranked according to the BIC, Cp, adjusted R2, or
AIC. To find out more about this function, type ?plot.regsubsets.

> plot(regfit .full ,scale ="r2")

> plot(regfit .full ,scale =" adjr2 ")

> plot(regfit .full ,scale ="Cp")

> plot(regfit .full ,scale ="bic ")
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6.5 Lab 1: Subset Selection Methods 247

The top row of each plot contains a black square for each variable selected
according to the optimal model associated with that statistic. For instance,
we see that several models share a BIC close to −150. However, the model
with the lowest BIC is the six-variable model that contains only AtBat,
Hits, Walks, CRBI, DivisionW, and PutOuts. We can use the coef() function
to see the coefficient estimates associated with this model.

> coef(regfit .full ,6)

(Intercept ) AtBat Hits Walks CRBI

91.512 -1.869 7.604 3.698 0.643

DivisionW PutOuts

-122.952 0.264

6.5.2 Forward and Backward Stepwise Selection

We can also use the regsubsets() function to perform forward stepwise
or backward stepwise selection, using the argument method="forward" or
method="backward".

> regfit .fwd=regsubsets (Salary∼.,data=Hitters ,nvmax =19,

method =" forward ")

> summary (regfit .fwd )

> regfit .bwd=regsubsets (Salary∼.,data=Hitters ,nvmax =19,

method =" backward ")

> summary (regfit .bwd )

For instance, we see that using forward stepwise selection, the best one-
variable model contains only CRBI, and the best two-variable model ad-
ditionally includes Hits. For this data, the best one-variable through six-
variable models are each identical for best subset and forward selection.
However, the best seven-variable models identified by forward stepwise se-
lection, backward stepwise selection, and best subset selection are different.

> coef(regfit .full ,7)

(Intercept ) Hits Walks CAtBat CHits

79.451 1.283 3.227 -0.375 1.496

CHmRun DivisionW PutOuts

1.442 -129.987 0.237

> coef(regfit .fwd ,7)

(Intercept ) AtBat Hits Walks CRBI

109.787 -1.959 7.450 4.913 0.854

CWalks DivisionW PutOuts

-0.305 -127.122 0.253

> coef(regfit .bwd ,7)

(Intercept ) AtBat Hits Walks CRuns

105.649 -1.976 6.757 6.056 1.129

CWalks DivisionW PutOuts

-0.716 -116.169 0.303
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Ridge regression

Ridge regression is like least squares but shrinks the estimated
coe�cients towards zero. Given a response vector y 2 Rn and a
predictor matrix X 2 Rn⇥p, the ridge regression coe�cients are
defined as

�̂ridge = argmin
�2Rp

nX

i=1

(yi � xTi �)
2 + �

pX

j=1

�2
j

= argmin
�2Rp

ky �X�k22| {z }
Loss

+� k�k22|{z}
Penalty

Here � � 0 is a tuning parameter, which controls the strength of
the penalty term. Note that:

I When � = 0, we get the linear regression estimate

I When � = 1, we get �̂ridge = 0

I For � in between, we are balancing two ideas: fitting a linear
model of y on X, and shrinking the coe�cients

5

RSS



Penalized regression
Ridge regression

Bayesian interpretation

Objective and estimate
Understanding the penalty’s e↵ect
Properties

Bias and variance

The variance of the ridge regression estimate is

Var(b�) = �2WXTXW,

where W = (XTX+ n�I)�1

Meanwhile, the bias is

Bias(b�) = �n�W�

Both bias and variance contribute to overall accuracy, as
measured by mean squared error (MSE):

MSE(b�) = E
���b� � �

���
2

=
X

j

Var(b�j) +
X

j

Bias(b�j)
2
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Penalized regression
Ridge regression

Bayesian interpretation

Objective and estimate
Understanding the penalty’s e↵ect
Properties

Existence theorem

So, is ridge regression better than maximum likelihood (OLS)?

Theorem: There always exists a value � such that

MSE
⇣
b��

⌘
< MSE

⇣
b�
OLS

⌘

This is a rather surprising result with somewhat radical
implications: despite the typically impressive theoretical
properties of maximum likelihood and linear regression, we
can always obtain a better estimator by shrinking the MLE
towards zero
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Example: small regression coe�cients

Example: simulation with n = 50 and p = 30. The entries of the

predictor matrix X 2 R50⇥30
are all i.i.d. N(0, 1), so overall the

variables have low correlation

Histogram of the true regression coe�cients �⇤ 2 R30
:

True coefficients
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Here 10 coe�cients are

large (between 0.5 and

1) and 20 coe�cients

are small (between 0

and 0.3)
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Linear regression:
Squared bias ⇡ 0.006
Variance ⇡ 0.627
Pred. error ⇡ 1 + 0.006 + 0.627
Pred. error ⇡ 1.633

Ridge regression, at its best:
Squared bias ⇡ 0.077
Variance ⇡ 0.403
Pred. error ⇡ 1 + 0.077 + 0.403
Pred. error ⇡ 1.48

4

Example: subset of small coe�cients

Recall our example: we have n = 50, p = 30, and �2 = 1. The
true model is linear with 10 large coe�cients (between 0.5 and 1)
and 20 small ones (between 0 and 0.3). Histogram:
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The linear regression fit:

Squared bias ⇡ 0.006
Variance ⇡ 0.627
Pred. error ⇡ 1+0.006+0.627 ⇡ 1.633

We reasoned that we can do better by shrinking the coe�cients, to
reduce variance

3

Example: visual representation of ridge coe�cients

Recall our last example (n = 50, p = 30, and �2 = 1; 10 large true
coe�cients, 20 small). Here is a visual representation of the ridge
regression coe�cients for � = 25:
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Mean squared error for our last example:
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Ridge MSE
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Ridge Var

Ridge regression in R: see the function lm.ridge in the package
MASS, or the glmnet function and package
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Example: moderate regression coe�cients

Same setup as our last example: n = 50, p = 30, and �2 = 1.
Except now the true coe�cients are all moderately large (between
0.5 and 1). Histogram:

True coefficients
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The linear regression fit:

Squared bias ⇡ 0.006
Variance ⇡ 0.628
Pred. error ⇡ 1+0.006+0.628 ⇡ 1.634

Why are these numbers essentially the same as those from the last
example, even though the true coe�cients changed?
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Ridge regression can still outperform linear regression in terms of
mean squared error:
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Only works for � less than ⇡ 5, otherwise it is very biased. (Why?)
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Example: subset of zero coe�cients

Same general setup as our running example: n = 50, p = 30, and
�2 = 1. Now, the true coe�cients: 10 are large (between 0.5 and
1) and 20 are exactly 0. Histogram:
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The linear regression fit:

Squared bias ⇡ 0.006
Variance ⇡ 0.627
Pred. error ⇡ 1+0.006+0.627 ⇡ 1.633

Note again that these numbers haven’t changed
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Example: subset of zero coe�cients
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Ridge regression performs well in terms of mean-squared error:
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Why is the bias not as large here for large �?
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Remember that as we vary � we get di↵erent ridge regression
coe�cients, the larger the � the more shrunken. Here we plot
them again �

0 5 10 15 20 25
−0

.5
0.

0
0.

5
1.

0
λ

C
oe

ffi
ci

en
ts

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

True nonzero
True zero

The red paths correspond to the
true nonzero coe�cients; the gray
paths correspond to true zeros.
The vertical dashed line at � = 15
marks the point above which ridge
regression’s MSE starts losing to
that of linear regression

An important thing to notice is that the gray coe�cient paths are
not exactly zero; they are shrunken, but still nonzero
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6.6 Lab 2: Ridge Regression and the Lasso 251

CRuns CRBI CWalks LeagueN DivisionW

1.455 0.785 -0.823 43.112 -111.146

PutOuts Assists

0.289 0.269

6.6 Lab 2: Ridge Regression and the Lasso

We will use the glmnet package in order to perform ridge regression and
the lasso. The main function in this package is glmnet(), which can be used

glmnet()
to fit ridge regression models, lasso models, and more. This function has
slightly different syntax from other model-fitting functions that we have
encountered thus far in this book. In particular, we must pass in an x

matrix as well as a y vector, and we do not use the y ∼ x syntax. We will
now perform ridge regression and the lasso in order to predict Salary on
the Hitters data. Before proceeding ensure that the missing values have
been removed from the data, as described in Section 6.5.

> x=model.matrix (Salary∼.,Hitters )[,-1]
> y=Hitters$Salary

The model.matrix() function is particularly useful for creating x; not only
does it produce a matrix corresponding to the 19 predictors but it also
automatically transforms any qualitative variables into dummy variables.
The latter property is important because glmnet() can only take numerical,
quantitative inputs.

6.6.1 Ridge Regression

The glmnet() function has an alpha argument that determines what type
of model is fit. If alpha=0 then a ridge regression model is fit, and if alpha=1
then a lasso model is fit. We first fit a ridge regression model.

> library (glmnet )

> grid =10^ seq (10,-2, length =100)

> ridge.mod =glmnet (x,y,alpha =0, lambda =grid)

By default the glmnet() function performs ridge regression for an automati-
cally selected range of λ values. However, here we have chosen to implement
the function over a grid of values ranging from λ = 1010 to λ = 10−2, es-
sentially covering the full range of scenarios from the null model containing
only the intercept, to the least squares fit. As we will see, we can also com-
pute model fits for a particular value of λ that is not one of the original
grid values. Note that by default, the glmnet() function standardizes the
variables so that they are on the same scale. To turn off this default setting,
use the argument standardize=FALSE.
Associated with each value of λ is a vector of ridge regression coefficients,

stored in a matrix that can be accessed by coef(). In this case, it is a 20×100
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By default the glmnet() function performs ridge regression for an automati-
cally selected range of λ values. However, here we have chosen to implement
the function over a grid of values ranging from λ = 1010 to λ = 10−2, es-
sentially covering the full range of scenarios from the null model containing
only the intercept, to the least squares fit. As we will see, we can also com-
pute model fits for a particular value of λ that is not one of the original
grid values. Note that by default, the glmnet() function standardizes the
variables so that they are on the same scale. To turn off this default setting,
use the argument standardize=FALSE.
Associated with each value of λ is a vector of ridge regression coefficients,

stored in a matrix that can be accessed by coef(). In this case, it is a 20×100

glmnet automatically prescribes a range of lambda values:
here we specify a range from 1010 to 10-2 so as to cover 
scenarios from full LS fit to null (intercept only) model 

alpha = 0 specifies ridge regression; alpha = 1 lasso 

covariates standardized by default; can turn off 
x must be a numeric matrix (not a data.frame) 

possible to force selected covariates into the model 
without their coefficients being subject to shrinkage



252 6. Linear Model Selection and Regularization

matrix, with 20 rows (one for each predictor, plus an intercept) and 100
columns (one for each value of λ).

> dim(coef(ridge.mod ))

[1] 20 100

We expect the coefficient estimates to be much smaller, in terms of ℓ2 norm,
when a large value of λ is used, as compared to when a small value of λ is
used. These are the coefficients when λ = 11,498, along with their ℓ2 norm:

> ridge.mod$lambda [50]

[1] 11498

> coef(ridge.mod)[,50]

(Intercept ) AtBat Hits HmRun Runs

407.356 0.037 0.138 0.525 0.231

RBI Walks Years CAtBat CHits

0.240 0.290 1.108 0.003 0.012

CHmRun CRuns CRBI CWalks LeagueN

0.088 0.023 0.024 0.025 0.085

DivisionW PutOuts Assists Errors NewLeagueN

-6.215 0.016 0.003 -0.021 0.301

> sqrt(sum(coef(ridge.mod)[ -1 ,50]^2) )

[1] 6.36

In contrast, here are the coefficients when λ = 705, along with their ℓ2
norm. Note the much larger ℓ2 norm of the coefficients associated with this
smaller value of λ.

> ridge.mod$lambda [60]

[1] 705

> coef(ridge.mod)[,60]

(Intercept ) AtBat Hits HmRun Runs

54.325 0.112 0.656 1.180 0.938

RBI Walks Years CAtBat CHits

0.847 1.320 2.596 0.011 0.047

CHmRun CRuns CRBI CWalks LeagueN

0.338 0.094 0.098 0.072 13.684

DivisionW PutOuts Assists Errors NewLeagueN

-54.659 0.119 0.016 -0.704 8.612

> sqrt(sum(coef(ridge.mod)[ -1 ,60]^2) )

[1] 57.1

We can use the predict() function for a number of purposes. For instance,
we can obtain the ridge regression coefficients for a new value of λ, say 50:

> predict (ridge.mod ,s=50, type =" coefficients")[1:20 ,]

(Intercept ) AtBat Hits HmRun Runs

48.766 -0.358 1.969 -1.278 1.146

RBI Walks Years CAtBat CHits

0.804 2.716 -6.218 0.005 0.106

CHmRun CRuns CRBI CWalks LeagueN

0.624 0.221 0.219 -0.150 45.926

DivisionW PutOuts Assists Errors NewLeagueN

-118.201 0.250 0.122 -3.279 -9.497
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Impact of penalty on coefficients



6.6 Lab 2: Ridge Regression and the Lasso 253

We now split the samples into a training set and a test set in order
to estimate the test error of ridge regression and the lasso. There are two
common ways to randomly split a data set. The first is to produce a random
vector of TRUE, FALSE elements and select the observations corresponding to
TRUE for the training data. The second is to randomly choose a subset of
numbers between 1 and n; these can then be used as the indices for the
training observations. The two approaches work equally well. We used the
former method in Section 6.5.3. Here we demonstrate the latter approach.
We first set a random seed so that the results obtained will be repro-

ducible.

> set.seed (1)

> train=sample (1: nrow(x), nrow(x)/2)

> test=(- train )

> y.test=y[test]

Next we fit a ridge regression model on the training set, and evaluate
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predict() function will interpolate over the grid of λ values used in fitting the

7

7

6.6 Lab 2: Ridge Regression and the Lasso 253

We now split the samples into a training set and a test set in order
to estimate the test error of ridge regression and the lasso. There are two
common ways to randomly split a data set. The first is to produce a random
vector of TRUE, FALSE elements and select the observations corresponding to
TRUE for the training data. The second is to randomly choose a subset of
numbers between 1 and n; these can then be used as the indices for the
training observations. The two approaches work equally well. We used the
former method in Section 6.5.3. Here we demonstrate the latter approach.
We first set a random seed so that the results obtained will be repro-

ducible.

> set.seed (1)

> train=sample (1: nrow(x), nrow(x)/2)

> test=(- train )

> y.test=y[test]

Next we fit a ridge regression model on the training set, and evaluate
its MSE on the test set, using λ = 4. Note the use of the predict()

function again. This time we get predictions for a test set, by replacing
type="coefficients" with the newx argument.

> ridge.mod =glmnet (x[train ,],y[train],alpha =0, lambda =grid ,

thresh =1e -12)

> ridge.pred=predict (ridge .mod ,s=4, newx=x[test ,])

> mean(( ridge.pred -y.test)^2)

[1] 101037

The test MSE is 101037. Note that if we had instead simply fit a model
with just an intercept, we would have predicted each test observation using
the mean of the training observations. In that case, we could compute the
test set MSE like this:

> mean(( mean(y[train ])-y.test)^2)

[1] 193253

We could also get the same result by fitting a ridge regression model with
a very large value of λ. Note that 1e10 means 1010.

> ridge.pred=predict (ridge .mod ,s=1e10 ,newx=x[test ,])

> mean(( ridge.pred -y.test)^2)

[1] 193253

So fitting a ridge regression model with λ = 4 leads to a much lower test
MSE than fitting a model with just an intercept. We now check whether
there is any benefit to performing ridge regression with λ = 4 instead of
just performing least squares regression. Recall that least squares is simply
ridge regression with λ = 0.

In order for glmnet() to yield the exact least squares coefficients when λ = 0,
we use the argument exact=T when calling the predict() function. Otherwise, the
predict() function will interpolate over the grid of λ values used in fitting the

7

7

6.6 Lab 2: Ridge Regression and the Lasso 253

We now split the samples into a training set and a test set in order
to estimate the test error of ridge regression and the lasso. There are two
common ways to randomly split a data set. The first is to produce a random
vector of TRUE, FALSE elements and select the observations corresponding to
TRUE for the training data. The second is to randomly choose a subset of
numbers between 1 and n; these can then be used as the indices for the
training observations. The two approaches work equally well. We used the
former method in Section 6.5.3. Here we demonstrate the latter approach.
We first set a random seed so that the results obtained will be repro-

ducible.

> set.seed (1)

> train=sample (1: nrow(x), nrow(x)/2)

> test=(- train )

> y.test=y[test]

Next we fit a ridge regression model on the training set, and evaluate
its MSE on the test set, using λ = 4. Note the use of the predict()

function again. This time we get predictions for a test set, by replacing
type="coefficients" with the newx argument.

> ridge.mod =glmnet (x[train ,],y[train],alpha =0, lambda =grid ,

thresh =1e -12)

> ridge.pred=predict (ridge .mod ,s=4, newx=x[test ,])

> mean(( ridge.pred -y.test)^2)

[1] 101037

The test MSE is 101037. Note that if we had instead simply fit a model
with just an intercept, we would have predicted each test observation using
the mean of the training observations. In that case, we could compute the
test set MSE like this:

> mean(( mean(y[train ])-y.test)^2)

[1] 193253

We could also get the same result by fitting a ridge regression model with
a very large value of λ. Note that 1e10 means 1010.

> ridge.pred=predict (ridge .mod ,s=1e10 ,newx=x[test ,])

> mean(( ridge.pred -y.test)^2)

[1] 193253

So fitting a ridge regression model with λ = 4 leads to a much lower test
MSE than fitting a model with just an intercept. We now check whether
there is any benefit to performing ridge regression with λ = 4 instead of
just performing least squares regression. Recall that least squares is simply
ridge regression with λ = 0.

In order for glmnet() to yield the exact least squares coefficients when λ = 0,
we use the argument exact=T when calling the predict() function. Otherwise, the
predict() function will interpolate over the grid of λ values used in fitting the

7

7

Impact of penalty on MSE

very large lambda : just intercept

s : lambda value for predict fn

254 6. Linear Model Selection and Regularization

> ridge.pred=predict (ridge .mod ,s=0, newx=x[test ,], exact=T)

> mean(( ridge.pred -y.test)^2)

[1] 114783

> lm(y∼x, subset =train)

> predict (ridge.mod ,s=0, exact =T,type=" coefficients") [1:20 ,]

In general, if we want to fit a (unpenalized) least squares model, then
we should use the lm() function, since that function provides more useful
outputs, such as standard errors and p-values for the coefficients.
In general, instead of arbitrarily choosing λ = 4, it would be better to

use cross-validation to choose the tuning parameter λ. We can do this using
the built-in cross-validation function, cv.glmnet(). By default, the function

cv.glmnet()
performs ten-fold cross-validation, though this can be changed using the
argument nfolds. Note that we set a random seed first so our results will
be reproducible, since the choice of the cross-validation folds is random.

> set.seed (1)

> cv.out =cv.glmnet (x[train ,],y[train],alpha =0)

> plot(cv.out)

> bestlam =cv.out$lambda .min

> bestlam

[1] 212

Therefore, we see that the value of λ that results in the smallest cross-
validation error is 212. What is the test MSE associated with this value of
λ?

> ridge.pred=predict (ridge .mod ,s=bestlam ,newx=x[test ,])

> mean(( ridge.pred -y.test)^2)

[1] 96016

This represents a further improvement over the test MSE that we got using
λ = 4. Finally, we refit our ridge regression model on the full data set,
using the value of λ chosen by cross-validation, and examine the coefficient
estimates.

> out=glmnet (x,y,alpha =0)

> predict (out ,type=" coefficients",s=bestlam )[1:20 ,]

(Intercept ) AtBat Hits HmRun Runs

9.8849 0.0314 1.0088 0.1393 1.1132

RBI Walks Years CAtBat CHits

0.8732 1.8041 0.1307 0.0111 0.0649

CHmRun CRuns CRBI CWalks LeagueN

0.4516 0.1290 0.1374 0.0291 27.1823

DivisionW PutOuts Assists Errors NewLeagueN

-91.6341 0.1915 0.0425 -1.8124 7.2121

glmnet() model, yielding approximate results. When we use exact=T, there remains
a slight discrepancy in the third decimal place between the output of glmnet() when
λ = 0 and the output of lm(); this is due to numerical approximation on the part of
glmnet().

lambda=0: least squares solution
How to determine extent of penalization?  cv.glmnet
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The one standard error rule

The one standard error rule is an alternative rule for choosing the
value of the tuning parameter, as opposed to the usual rule

✓̂ = argmin
✓2{✓1,...✓m}

CV(✓)

We first find the usual minimizer ✓̂ as above, and then move ✓ in
the direction of increasing regularization (this may be increasing or
decreasing ✓, depending on the parametrization) as much as we
can, such that the cross-validation error curve is still within one
standard error of CV(✓̂). In other words, we maintain

CV(✓)  CV(✓̂) + SE(✓̂)

Idea: “All else equal (up to one standard error), go for the simpler
(more regularized) model”
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Example: choosing � for the lasso (continued)

Back to our lasso example: the one standard error rule chooses a
larger value of � (more regularization):
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Usual rule:
λ̂ = 3.458

One standard error rule:
λ̂ = 6.305
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The Lasso: 
least absolute selection and shrinkage operator 
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discussed previously, even for moderate values of p, such a search can
be computationally infeasible. In contrast, for any fixed value of λ, ridge
regression only fits a single model, and the model-fitting procedure can
be performed quite quickly. In fact, one can show that the computations
required to solve (6.5), simultaneously for all values of λ, are almost iden-
tical to those for fitting a model using least squares.

6.2.2 The Lasso

Ridge regression does have one obvious disadvantage. Unlike best subset,
forward stepwise, and backward stepwise selection, which will generally
select models that involve just a subset of the variables, ridge regression
will include all p predictors in the final model. The penalty λ

∑
β2
j in (6.5)

will shrink all of the coefficients towards zero, but it will not set any of them
exactly to zero (unless λ =∞). This may not be a problem for prediction
accuracy, but it can create a challenge in model interpretation in settings in
which the number of variables p is quite large. For example, in the Credit

data set, it appears that the most important variables are income, limit,
rating, and student. So we might wish to build a model including just
these predictors. However, ridge regression will always generate a model
involving all ten predictors. Increasing the value of λ will tend to reduce
the magnitudes of the coefficients, but will not result in exclusion of any of
the variables.
The lasso is a relatively recent alternative to ridge regression that over-

lasso
comes this disadvantage. The lasso coefficients, β̂L

λ , minimize the quantity

n∑

i=1

⎛

⎝yi−β0−
p∑

j=1

βjxij

⎞

⎠
2

+ λ
p∑

j=1

|βj | = RSS + λ
p∑

j=1

|βj |. (6.7)

Comparing (6.7) to (6.5), we see that the lasso and ridge regression have
similar formulations. The only difference is that the β2

j term in the ridge
regression penalty (6.5) has been replaced by |βj | in the lasso penalty (6.7).
In statistical parlance, the lasso uses an ℓ1 (pronounced “ell 1”) penalty
instead of an ℓ2 penalty. The ℓ1 norm of a coefficient vector β is given by
∥β∥1 =

∑
|βj |.

As with ridge regression, the lasso shrinks the coefficient estimates
towards zero. However, in the case of the lasso, the ℓ1 penalty has the effect
of forcing some of the coefficient estimates to be exactly equal to zero when
the tuning parameter λ is sufficiently large. Hence, much like best subset se-
lection, the lasso performs variable selection. As a result, models generated
from the lasso are generally much easier to interpret than those produced
by ridge regression. We say that the lasso yields sparse models—that is, sparse
models that involve only a subset of the variables. As in ridge regression,
selecting a good value of λ for the lasso is critical; we defer this discussion
to Section 6.2.3, where we use cross-validation.

The lasso coefficients         minimize the quantity 

The lasso

The lasso1 estimate is defined as

�̂lasso = argmin
�2Rp

ky �X�k22 + �
pX

j=1

|�j |

= argmin
�2Rp

ky �X�|22| {z }
Loss

+� k�k1|{z}
Penalty

The only di↵erence between the lasso problem and ridge regression
is that the latter uses a (squared) `2 penalty k�k22, while the
former uses an `1 penalty k�k1. But even though these problems
look similar, their solutions behave very di↵erently

Note the name “lasso” is actually an acronym for: Least Absolute
Selection and Shrinkage Operator

1Tibshirani (1996), “Regression Shrinkage and Selection via the Lasso”
6

The lasso
Convex optimization

Soft thresholding

The lasso

Specifically, consider the objective function

Q(�|X,y) =
1

2n
ky �X�k22 + �k�k1,

where k�k1 =
P

j |�j | denotes the `1 norm of the regression

coe�cients

As before, estimates of � are obtained by minimizing the

above function for a given value of �, yielding b�(�)
This approach was originally proposed in the regression

context by Robert Tibshirani in 1996, who called it the least
absolute shrinkage and selection operator, or lasso
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�̂lasso = argmin
�2Rp

ky �X�k22 + �k�k1

The tuning parameter � controls the strength of the penalty, and
(like ridge regression) we get �̂lasso = the linear regression estimate
when � = 0, and �̂lasso = 0 when � = 1

For � in between these two extremes, we are balancing two ideas:
fitting a linear model of y on X, and shrinking the coe�cients.
But the nature of the `1 penalty causes some coe�cients to be
shrunken to zero exactly

This is what makes the lasso substantially di↵erent from ridge
regression: it is able to perform variable selection in the linear
model. As � increases, more coe�cients are set to zero (less
variables are selected), and among the nonzero coe�cients, more
shrinkage is employed

7



Another formulation of the lasso
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FIGURE 6.6. The standardized lasso coefficients on the Credit data set are
shown as a function of λ and ∥β̂L

λ ∥1/∥β̂∥1.

As an example, consider the coefficient plots in Figure 6.6, which are gen-
erated from applying the lasso to the Credit data set. When λ = 0, then
the lasso simply gives the least squares fit, and when λ becomes sufficiently
large, the lasso gives the null model in which all coefficient estimates equal
zero. However, in between these two extremes, the ridge regression and
lasso models are quite different from each other. Moving from left to right
in the right-hand panel of Figure 6.6, we observe that at first the lasso re-
sults in a model that contains only the rating predictor. Then student and
limit enter the model almost simultaneously, shortly followed by income.
Eventually, the remaining variables enter the model. Hence, depending on
the value of λ, the lasso can produce a model involving any number of vari-
ables. In contrast, ridge regression will always include all of the variables in
the model, although the magnitude of the coefficient estimates will depend
on λ.

Another Formulation for Ridge Regression and the Lasso

One can show that the lasso and ridge regression coefficient estimates solve
the problems

minimize
β

⎧
⎪⎨

⎪⎩

n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1

βjxij

⎞

⎠
2
⎫
⎪⎬

⎪⎭
subject to

p∑

j=1

|βj | ≤ s

(6.8)
and

minimize
β

⎧
⎪⎨

⎪⎩

n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1

βjxij

⎞

⎠
2
⎫
⎪⎬

⎪⎭
subject to

p∑

j=1

β2
j ≤ s,

(6.9)

For every value of λ there is some value of s such that the above 
constrained minimization will give the same lasso solution  

When p = 2 the lasso coefficients have the smallest RSS amongst 
those points lying within the diamond defined by 
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respectively. In other words, for every value of λ, there is some s such that
the Equations (6.7) and (6.8) will give the same lasso coefficient estimates.
Similarly, for every value of λ there is a corresponding s such that Equa-
tions (6.5) and (6.9) will give the same ridge regression coefficient estimates.
When p = 2, then (6.8) indicates that the lasso coefficient estimates have
the smallest RSS out of all points that lie within the diamond defined by
|β1| + |β2| ≤ s. Similarly, the ridge regression estimates have the smallest
RSS out of all points that lie within the circle defined by β2

1 + β2
2 ≤ s.

We can think of (6.8) as follows. When we perform the lasso we are trying
to find the set of coefficient estimates that lead to the smallest RSS, subject
to the constraint that there is a budget s for how large

∑p
j=1 |βj | can be.

When s is extremely large, then this budget is not very restrictive, and so
the coefficient estimates can be large. In fact, if s is large enough that the
least squares solution falls within the budget, then (6.8) will simply yield
the least squares solution. In contrast, if s is small, then

∑p
j=1 |βj | must be

small in order to avoid violating the budget. Similarly, (6.9) indicates that
when we perform ridge regression, we seek a set of coefficient estimates
such that the RSS is as small as possible, subject to the requirement that∑p

j=1 β
2
j not exceed the budget s.

The formulations (6.8) and (6.9) reveal a close connection between the
lasso, ridge regression, and best subset selection. Consider the problem

minimize
β

⎧
⎪⎨

⎪⎩

n∑
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(6.10)
Here I(βj ̸= 0) is an indicator variable: it takes on a value of 1 if βj ̸= 0, and
equals zero otherwise. Then (6.10) amounts to finding a set of coefficient es-
timates such that RSS is as small as possible, subject to the constraint that
no more than s coefficients can be nonzero. The problem (6.10) is equivalent
to best subset selection. Unfortunately, solving (6.10) is computationally
infeasible when p is large, since it requires considering all

(p
s

)
models con-

taining s predictors. Therefore, we can interpret ridge regression and the
lasso as computationally feasible alternatives to best subset selection that
replace the intractable form of the budget in (6.10) with forms that are
much easier to solve. Of course, the lasso is much more closely related to
best subset selection, since only the lasso performs feature selection for s
sufficiently small in (6.8).

The Variable Selection Property of the Lasso

Why is it that the lasso, unlike ridge regression, results in coefficient
estimates that are exactly equal to zero? The formulations (6.8) and (6.9)
can be used to shed light on the issue. Figure 6.7 illustrates the situation.
The least squares solution is marked as β̂, while the blue diamond and
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Why does the lasso give zero coe�cients?

(From page 71 of ESL)
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Constraint Regions



Example: visual representation of lasso coe�cients

Our running example from last time: n = 50, p = 30, �2 = 1, 10
large true coe�cients, 20 small. Here is a visual representation of
lasso vs. ridge coe�cients (with the same degrees of freedom):
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Example: subset of small coe�cients

Example: n = 50, p = 30; true coe�cients: 10 large, 20 small
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The lasso: see the function lars in the package lars
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Penalized regression
Ridge regression

Bayesian interpretation

Objective and estimate
Understanding the penalty’s e↵ect
Properties

Orthonormal solutions

To understand the e↵ect of the ridge penalty on the estimator
b�, it helps to consider the special case of an orthonormal
design matrix (XTX/n = I)

In this case,

b�J =
b�OLS

J

1 + �

This illustrates the essential feature of ridge regression:
shrinkage; i.e., the primary e↵ect of applying ridge penalty is
to shrink the estimates toward zero

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 13/27

The lasso
Convex optimization

Soft thresholding

Special case: Orthonormal design

As with ridge regression, it is instructive to consider the

special case where the design matrix X is orthonormal:

n
�1XTX = I

Result: In the orthonormal case, the lasso estimate is

b�j(�) =

8
><

>:

zj � �, if zj > �,

0, if |zj |  �,

zj + �, if zj < ��

,

where zj = xT
j y/n is the OLS solution

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 19/24



The lasso
Convex optimization

Soft thresholding

Soft thresholding

The result on the previous slide can be written more

compactly as

b�j(�) = S(zj |�),

where the function S(·|�) is known as the soft thresholding
operator

This was originally proposed by Donoho and Johnstone in

1994 for soft thresholding of wavelets coe�cients in the

context of nonparametric regression

By comparison, the “hard” thresholding operator is

H(z,�) = zI{|z| > �}, where I(S) is the indicator function

for set S

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 20/24
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The lasso
Convex optimization

Soft thresholding

Soft and hard thresholding operators

−2 −1 0 1 2

−2

−1

0

1

2

z

β̂(
z)

Hard Soft
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Lasso geometry
Coordinate descent

Lasso vs. forward selection
LARS

`0 penalization

As we saw in the previous lecture, the lasso can be thought of
as performing a multivariate version of soft thresholding

The multivariate version of hard thresholding is `0
penalization, in which we minimize the objective function

1

2n
ky �X�k2 + �k�k0,

where k�k0 =
P

j
I(�j 6= 0)

For the orthonormal case, the solution is given by
b�j = H(b�OLS

j
,
p
2�)

Estimating � in this manner is equivalent to subset selection,
and model selection criteria such as AIC and BIC are simply
special cases corresponding to di↵erent � values

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 3/23

Lasso geometry
Coordinate descent

Lasso vs. forward selection
LARS

Lasso as soft relaxation of `0-penalization

Thus, the lasso can be thought of as a “soft” relaxation of `0
penalized regression

This relaxation has two important benefits:
Estimates are continuous with respect to both � and the data
The lasso objective function is convex

These facts allow optimization of `1-penalized regression to
proceed very e�ciently, as we will see; in comparison,
`0-penalized regression is computationally infeasible when p is
large

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 4/23



Lasso geometry
Coordinate descent

Lasso vs. forward selection
LARS

Forward selection and the lasso

To get around the di�culty of finding the best possible
subset, a common approach is to employ the greedy algorithm
known as forward selection

Like forward selection, the lasso will allow more variables to
enter the model as � is lowered

However, the lasso performs a continuous version of variable
selection and is less greedy about allowing selected variables
into the model

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 5/23



number of covariates in model : lasso selects!
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6.6 Lab 2: Ridge Regression and the Lasso 255

As expected, none of the coefficients are zero—ridge regression does not
perform variable selection!

6.6.2 The Lasso

We saw that ridge regression with a wise choice of λ can outperform least
squares as well as the null model on the Hitters data set. We now ask
whether the lasso can yield either a more accurate or a more interpretable
model than ridge regression. In order to fit a lasso model, we once again
use the glmnet() function; however, this time we use the argument alpha=1.
Other than that change, we proceed just as we did in fitting a ridge model.

> lasso.mod =glmnet (x[train ,],y[train],alpha =1, lambda =grid)

> plot(lasso.mod)

We can see from the coefficient plot that depending on the choice of tuning
parameter, some of the coefficients will be exactly equal to zero. We now
perform cross-validation and compute the associated test error.

> set.seed (1)

> cv.out =cv.glmnet (x[train ,],y[train],alpha =1)

> plot(cv.out)

> bestlam =cv.out$lambda .min

> lasso.pred=predict (lasso .mod ,s=bestlam ,newx=x[test ,])

> mean(( lasso.pred -y.test)^2)

[1] 100743

This is substantially lower than the test set MSE of the null model and of
least squares, and very similar to the test MSE of ridge regression with λ
chosen by cross-validation.
However, the lasso has a substantial advantage over ridge regression in

that the resulting coefficient estimates are sparse. Here we see that 12 of
the 19 coefficient estimates are exactly zero. So the lasso model with λ
chosen by cross-validation contains only seven variables.

> out=glmnet (x,y,alpha =1, lambda =grid)

> lasso.coef=predict (out ,type =" coefficients",s=bestlam )[1:20 ,]

> lasso.coef

(Intercept ) AtBat Hits HmRun Runs

18.539 0.000 1.874 0.000 0.000

RBI Walks Years CAtBat CHits

0.000 2.218 0.000 0.000 0.000

CHmRun CRuns CRBI CWalks LeagueN

0.000 0.207 0.413 0.000 3.267

DivisionW PutOuts Assists Errors NewLeagueN

-103.485 0.220 0.000 0.000 0.000

> lasso.coef[lasso.coef !=0]

(Intercept ) Hits Walks CRuns CRBI

18.539 1.874 2.218 0.207 0.413

LeagueN DivisionW PutOuts

3.267 -103.485 0.220
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Ridge regression doesn’t perform variable selection

We can show that ridge regression doesn’t set coe�cients exactly
to zero unless � = 1, in which case they’re all zero. Hence ridge
regression cannot perform variable selection, and even though it
performs well in terms of prediction accuracy, it does poorly in
terms of o↵ering a clear interpretation

E.g., suppose that we are studying the level of
prostate-specific antigen (PSA), which is often
elevated in men who have prostate cancer. We
look at n = 97 men with prostate cancer, and
p = 8 clinical measurements.1 We are inter-
ested in identifying a small number of predic-
tors, say 2 or 3, that drive PSA

2

1Data from Stamey et al. (1989), “Prostate specific antigen in the diag...”
2Figure from http://www.mens-hormonal-health.com/psa-score.html
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Recall prostate cancer example:



Example: ridge regression coe�cients for prostate data

We perform ridge regression over a wide range of � values (after
centering and scaling). The resulting coe�cient profiles:
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This doesn’t give us a clear answer to our question ...

19



Now the lasso coe�cient paths:
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We might report the first 3 coe�cients to enter the model: lcavol
(the log cancer volume), svi (seminal vesicle invasion), and lweight
(the log prostate weight)

How would we choose 3 (i.e., how would we choose �?) We’ll talk
about this later

5Both standard cross-validation and the “1SE rule” select df ~ 3

Critical issue: how much penalization to employ?



What is degrees of freedom?

Broadly speaking, the degrees of freedom of an estimate describes
its e↵ective number of parameters

More precisely, given data y 2 Rn from the model

yi = µi + ✏i, i = 1, . . . n

where E[✏i] = 0, Var(✏i) = �2, Cov(✏i, ✏j) = 0, suppose that we
estimate y by ŷ. The degrees of freedom of the estimate ŷ is

df(ŷ) =
1

�2

nX

i=1

Cov(ŷi, yi)

The higher the correlation between the ith fitted value and the ith
data point, the more adaptive the estimate, and so the higher its
degrees of freedom

20

Let X 2 Rn⇥p be a fixed matrix of predictors3

I For linear regression, ŷ = X�̂linear, we have df(ŷ) = p

I For ridge regression, ŷ = X�̂ridge, where

�̂ridge = argmin
�2Rp

ky �X�k22 + �k�k22

we have df(ŷ) = trace
⇣
X(XTX + �I)�1XT

⌘

I For the lasso, ŷ = X�̂lasso, where

�̂lasso = argmin
�2Rp

ky �X�k22 + �k�k1

we have df(ŷ) = E[number of nonzero coe�cients in �̂lasso]

3For simplicity, we assume that the predictors are linearly independent; the
case for dependent predictors is similar

21

Higher correlation between fitted value 
and data the more adaptive the estimate 
and so higher the degrees of freedom



One usage of degrees of freedom is to put two di↵erent estimates
on equal footing

E.g., comparing ridge and lasso for the prostate cancer data set

Ridge Lasso
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• glmnet handles a variety of outcome types
• penalized logistic regression for binary outcomes
• penalized Cox regression for survival outcomes

• achieved by generalizing RSS loss function 



Elastic Net
Combining ridge and nonconvex penalties

Orthonormal solutions
Grouping e↵ect

Example (revisited)

Because the ridge penalty is strictly convex, the elastic net

solution b� is unique provided that �2 > 0

To see how this works, let us revisit the example from

February 15, which consisted of two observations:

(y1, x11, x12) = (1, 1, 1) and (y2, x21, x22) = (�1,�1,�1)

For � < 1, the lasso admits infinitely many solutions along the

line �1 + �2 = 1� � in the �1 > 0,�2 > 0 quadrant

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 4/32

Elastic Net
Combining ridge and nonconvex penalties

Orthonormal solutions
Grouping e↵ect

Reparameterization

A common reparameterization of the elastic net is to express

the regularization parameters in terms of �, which controls

the overall degree of regularization, and ↵, which controls the

balance between the lasso and ridge penalties:

�1 = ↵�

�2 = (1� ↵)�

This reparameterization is useful in practice, as it allows one

to fix ↵ and then select a single tuning parameter �, which is

more straightforward than attempting to select �1 and �2

separately

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 7/32

The Elastic Net penalty

Elastic Net
Combining ridge and nonconvex penalties

Orthonormal solutions
Grouping e↵ect

Elastic net penalty

Recall that the lasso solutions are not always unique, but that

solutions to ridge regression are

This is somewhat unsatisfactory for the lasso, as we could

re-order the covariates and end up with di↵erent estimates

Consider, then, the following penalty, known as the elastic net
penalty:

P�(�) = �1k�k1 +
�2

2
k�k22,

which consists of two terms, a lasso term plus a ridge term

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 3/32
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Orthonormal solutions
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Elastic Net
Combining ridge and nonconvex penalties

Orthonormal solutions
Grouping e↵ect

The grouping e↵ect: Introduction

Our earlier example is an extreme example of a property

possessed by the elastic net known as the grouping e↵ect

The property states that highly correlated features will have

similar estimated coe�cients, which seems intuitively

reasonable

Even if a data set does not contain identical variables as in

the toy example, many data sets – particularly high

dimensional ones – contain highly correlated predictors

The shrinkage and grouping e↵ects produced by the elastic net

are an e↵ective way of dealing with these correlated predictors
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Elastic Net
Combining ridge and nonconvex penalties

Orthonormal solutions
Grouping e↵ect

Grouping e↵ect

The property can be described formally in terms of an upper

bound on the di↵erence between two coe�cients as it relates

to the correlation between the predictors:

|b�j � b�k| 
kyk

p
2(1� ⇢jk)

�2
p
n

where ⇢jk is the sample correlation between xj and xk

Note, in particular, that as ⇢jk ! 1, the di↵erence between b�j
and b�k goes to zero
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Elastic Net
Combining ridge and nonconvex penalties

Orthonormal solutions
Grouping e↵ect

Commentary on the grouping property

In practice, the grouping e↵ect is often one of the strongest

motivations for applying an elastic net penalty

For example, in gene expression studies, genes that have

similar functions, or that work together in a pathway to

accomplish a certain function, are often correlated

It is often reasonable to assume, then, that if the function is

relevant to the response we are analyzing, the coe�cients will

be similar across the correlated group

Patrick Breheny High-Dimensional Data Analysis (BIOS 7600) 18/32

0.6 0.7 0.8 0.9 1.0

0.
00
0

0.
00
5

0.
01
0

0.
01
5

0.
02
0

-log(lambda)

co
ef
fic
ie
nt
s

ALX3
CBSCYP1B1

DDX25EOMES

EPHX3

LINC00466

NKPD1

NPR3

ONECUT2

OTP
PCDH8

RNF219_AS1

SIM2TWIST1

VIM

-10 -8 -6 -4 -2

0.
55

0.
60

0.
65

0.
70

0.
75

0.
80

0.
85

log(Lambda)

A
U
C

90 89 89 88 83 79 74 63 51 40 23 14 11 13 17 18 8



Refinements and Extensions
Fused lasso

Fused Lasso 93

The bound s is a tuning parameter: for sufficiently large s we obtain the least squares solu-
tion, or one of the many possible least squares solutions if p > N. For smaller values of s, the
solutions are sparse, i.e. some components are exactly 0. This is attractive from a data analysis
viewpoint, as it selects the important predictors and discards the rest. In addition, since the
criterion and constraints in condition (2) are convex, the problem can be solved even for large
p (e.g. p = 40000) by quadratic programming methods. We discuss computation in detail in
Section 3.

Unlike the lasso, ridge regression, partial least squares and principal components regression
do not produce sparse models. Subset selection does produce sparse models but is not a convex
operation; best subsets selection is combinatorial and is not practical for p > 30 or so.

The lasso can be applied even if p > N, and it has a unique solution assuming that no two
predictors are perfectly collinear. An interesting property of the solution is the fact that the
number of non-zero coefficients is at most min.N, p/. Thus, if p=40000 and N =100, at most
100 coefficients in the solution will be non-zero. The ‘basis pursuit’ signal estimation method of
Chen et al. (2001) uses the same idea as the lasso, but applied in the wavelet or other domains.

One drawback of the lasso in the present context is the fact that it ignores ordering of the
features, of the type that we are assuming in this paper. For this purpose, we propose the fused
lasso defined by

β̂ =arg min
{∑

i

(
y i −

∑
j

x ijβj

)2}
subject to

p∑
j=1

|βj|! s1 and
p∑

j=2
|βj −βj−1|! s2:

.3/

The first constraint encourages sparsity in the coefficients; the second encourages sparsity in
their differences, i.e. flatness of the coefficient profiles βj as a function of j. The term fusion
is borrowed from Land and Friedman (1996), who proposed the use of a penalty of the form
Σj |βj −βj−1|α ! s2 for various values of α, especially α=0, 1, 2. They did not consider the use
of penalties on both Σj |βj −βj−1| and Σj |βj| as in condition (3). Fig. 2 gives a schematic view.

Fig. 3 illustrates these ideas on a simulated example. There are p=100 predictors and N =20
samples. The data were generated from a model y i = Σjx ijβj + "i where the x ij are standard

Fig. 2. Schematic diagram of the fused lasso, for the case N >p D2: we seek the first time that the contours
of the sum-of-squares loss function ( ) satisfy Σj jβj jDs1 ( ) and Σj jβj !βj!1 jDs2 ( )
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$lambda

[1] 15.17427

$df

[1] 91

This is reassuring, as it essentially recovers the true model from which we had simulated
the data. Also, as expected, the lasso has somewhat underestimated the magnitude of the
nonzero coe�cient due to the shrinking nature of the `1 penalty.

3. The fused lasso

3.1. The 1d fused lasso

A simple example of a problem which fits naturally into the generalized lasso structure is
the 1d fused lasso. In the common signal approximator case, X = I, we assume that the
observed data y = (y1, . . . yn) 2 Rn is generated from a process whose mean changes at only
a smaller number of locations, when ordered sequentially from 1 to n. The goal is hence to
find a piecewise constant vector of coe�cients, of course, fitting well to y. This is done by
solving the following minimization problem:

�̂ = argmin
�2Rn

1

2

nX

i=1

(yi � �i)
2 + �

n�1X

i=1

|�i+1 � �i|, (6)

which is a version of (1) with D equal to the matrix of first di↵erences:

D =

2

664

�1 1 0 . . . 0 0
0 �1 1 . . . 0 0

. . .
0 0 0 . . . �1 1

3

775 . (7)

We generate a data set with four change points:

> set.seed(1)

> n = 100

> i = 1:n

> y = (i > 20 & i < 30) + 5*(i > 50 & i < 70) +

+ rnorm(n, sd=0.1)

Now to fit the 1d fused lasso, we simply call the fusedlasso1d function (and we pass no X
matrix, with indicates that X = I):

> out = fusedlasso1d(y)

An alternative method would be to call the genlasso function with argument D=getD1d(n),
where getD1d is a convenience function to construct the first di↵erence matrix in (7). However,
this is much less e�cient and less numerically stable, and it is highly recommended to use

8 Introduction to the genlasso package

We can see that the algorithm does a pretty good job of finding the region with a di↵erent
mean, particularly for the 2nd largest value of � displayed in the plot. With more regulariza-
tion, the entire image is assigned a constant coe�cient; with less, the coe�cients are overly
noisy.

Finally, it is possible to specify a generic underlying graph for the fused lasso problem. The
function fusedlasso (for which both fusedlasso1d and fusedlasso2d simply act as wrap-
pers) takes either a generic di↵erence matrix D—i.e., a matrix such that each row contains
a single �1 and 1 and all 0s otherwise—or an igraph graph object from the igraph pack-
age (Csardi and Nepusz 2006). The function fusedlasso (as well as fusedlasso1d and
fusedlasso2d) also takes an optional argument X in the case that a non-identity predictor
matrix X should be included. As with the genlasso, the predictor matrix X should have full
column rank; however, this is not check here, for e�ciency.

3.3. Sparse fused lasso and soft-thresholding

A common variant of the fused lasso employs an additional `1 penalty on the coe�cients
themselves; e.g., the signal approximator fused lasso problem in (8) can be extended as in

�̂ = argmin
�2Rn

1

2

nX

i=1

(yi � �i)
2 + �

X

(i,j)2E

|�i � �j |+ � · �
nX

i=1

|�i|. (9)

Here � � 0 is another parameter that controls the ratio between the fusion and sparsity
penalty terms. Note that (9) also fits into the generalized lasso framework, as it simply con-
catenates (a multiple of) the identity matrix to the rows of a fused lasso penalty matrix. For a
single fixed value of �, the solution path of the sparse fused lasso problem (9) can be computed
using by setting the gamma argument in fusedlasso (or fusedlasso1d, fusedlasso2d). (Ad-
ditionally including a non-identity predictor matrix poses no problems, and is done by setting
the X argument, as before.)

When X = I, a particularly simple relationship exists between the solutions of the problem
(8) and its sparse variant (9): at any �, the solution of (9) is simply given by soft-thresholding
the solution of (8) by an amount � ·�, as shown in Friedman, Hastie, Hoefling, and Tibshirani
(2007). If the solution path of (9) is desired at several levels of � (or even at a single nonzero
level, actually) it is more e�cient to solve the problem with � = 0 and then soft-threshold to
yield the solutions.

We demonstrate this by revisiting the 1d fused lasso example of Section 3.1:

> set.seed(1)

> n = 100

> i = 1:n

> y = (i > 20 & i < 30) + 5*(i > 50 & i < 70) +

+ rnorm(n, sd=0.1)

> out = fusedlasso1d(y)

> beta1 = coef(out, lambda=1.5)$beta

To compute the solution at � = 1.5 and � = 1, we could call fusedlasso1d with gamma=1, or
simply soft-threshold:

Taylor Arnold, Ryan Tibshirani 9

> beta2 = softthresh(out, lambda=1.5, gamma=1)

The e↵ect of soft-thresholding is apparent when looking at the original and thresholded esti-
mates (with the dashed line showing the thresholding level � · � = 1.5):
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4. Trend filtering

4.1. Beyond piecewise constant fits

Like the 1d fused lasso, trend filtering in the signal approximator case X = I assumes that the
data y = (y1, . . . yn) 2 Rn is meaningfully ordered from 1 to n, and fits a piecewise polynomial
of a specified degree. For example, linear trend filtering (with X = I) solves the following
minimization problem:

�̂ = argmin
�2Rn

1

2

nX

i=1

(yi � �i)
2 + �

n�2X

i=1

|�i � 2�i+1 + �i+1|. (10)

Notice that here the discrete second deriative is penalized, as opposed to the discrete first
derivative in the 1d fused lasso criterion (6). Quadratic and cubic trend filtering are defined
similarly, by penalizing the discrete third and fourth derivative, respectively. (In this light,
we can think of the 1d fused lasso as constant or zeroth order trend filtering.)



Group lasso

• In many regression problems predictors are not distinct 
but arise from common underlying factors

• Obvious example: representing a categorical factor by a 
group of indicator functions

Grouped variable selection
Standardization and algorithms

Case study: Genetic association study

Motivation
Group-orthonormal solution

Notation

To proceed in the grouped variable case, let us extend our usual
notation as follows:

We denote X as being composed of J groups
X1,X2, . . . ,XJ , with Kj denoting the size of group j; i.e.,P

j Kj = p

As usual, we are interested in estimating a vector of
coe�cients � using a loss function L which quantifies the
discrepancy between the observations y and the linear
predictors ⌘ = X� =

P
j Xj�j , where �j represents the

coe�cients belonging to the jth group

Covariates that do not belong to a group may be thought of
as a group of one
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Group lasso

• Instead of penalizing magnitude of individual coefficients 
penalize the magnitude of a group of coefficients

• To ensure that the same degree of penalization is applied 
to large and small groups set 

Grouped variable selection
Standardization and algorithms

Case study: Genetic association study

Motivation
Group-orthonormal solution

The group lasso penalty

Consider, then, the following penalty, known as the group
lasso penalty:

Q(�|X,y) = L(�|X,y) +
X

j

�j

���j

��

This is a natural extension of the lasso to the grouped variable
setting: instead of penalizing the magnitude (|�j |) of
individual coe�cients, we penalize the magnitude (k�jk) of
groups of coe�cients

To ensure that the same degree of penalization is applied to
large and small groups, �j = �

p
Kj ; we will discuss the

reasoning behind this in a bit
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