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11 Understanding P-values and confidence intervals
Introduction and justification
In the previous two chapters, we discussed using the results of randomized trials and observational studies to estimate treatment effects. We were primarily interested in measures of effect size and in problems with design (in randomized trials) and confounding (in observational studies) that could bias effect estimates. We did not focus on whether the apparent treatment effects could be a result of chance or attempt to quantify the precision of our effect estimates. The statistics used to help us with these issues − P-values and confidence intervals – are the subject of this chapter.
No area in epidemiology and statistics is so widely misunderstood and mistaught. We cover a more sophisticated understanding of P-values and confidence intervals in this text because 1) it is right, 2) it is important, 3) Bayesian statistical analyses have reached the mainstream clinical research literature[1, 2] and regulatory agencies[3], 4) we like this material, and 5) we think you can handle it.  After all, you have survived three chapters (2, 3, and 7) on using the results of diagnostic tests and Bayes’s Theorem to update a patient’s probability of disease. So now you are poised to gain a Bayesian understanding of P-values and confidence intervals as well. We will give you a taste in this chapter; those wishing to explore these ideas in greater depth are encouraged to read a recent review[4] or a classic series of articles on this topic by Steven Goodman. [5-8] 
Background
Two kinds of probability
It may help to start this discussion by acknowledging that there are two types of probability, one of which is straightforward and the other of which is much more slippery.  The straightforward one is stochastic[footnoteRef:1] probability, which is based on repeatable random processes, like coin tosses or poker hands.  Stochastic probabilities can be calculated from theory and equations and can be verified empirically by repeated trials.[footnoteRef:2]   [1:  From the Greek stokhos, meaning target, perhaps because shooting arrows at a target can be seen as a repeatable random process.]  [2:  We are using “trials” very broadly here, to indicate repeatable random processes like tossing a coin or dealing a poker hand] 

 
The slippery type of probability is epistemic[footnoteRef:3] probability, which refers to subjective estimates of likelihood based on imperfect knowledge, like the probability that the cough you’ve had for the last 7 days is whooping cough or the probability (before data addressing the question are available) that a new drug for weight loss will have serious adverse effects.  People try to estimate epistemic probabilities by thinking about how to turn them into stochastic probabilities.  If we can define a group of repeated trials that relate to the current question and for which data may be available, we feel more confident using past results of those trials to estimate an epistemic probability. [3:  From Greek episteme, meaning knowledge] 


For example, in trying to estimate your probability of whooping cough, you might consider all of the previous coughs you’ve had to see how unusual a cough lasting 7 days is for you.  You might look at the literature and see if there are series of patients who have had a cough for 7 days, and see how many of them had whooping cough.  Of course, all of those other patients are not you; they may be different from you in important ways, like how much they smoke or how much whooping cough was going around at the time they were tested.  So estimating this probability is never going to be as straightforward as, say, estimating the probability of flipping 5 heads in a row or successfully drawing to an inside straight.

Similarly, to estimate the risk of serious adverse effects of the diet drug, one could look at previous diet drugs, perhaps especially all drugs in the same class or all drugs with a similar preliminary safety record and see how many had serious adverse effects. But there will be judgment involved in deciding what to count as the repeated trials (“the sampling space”) to estimate this probability.

Epistemic probability estimates are particularly difficult for the sort of catastrophic events that Tom worries about,[9] like accidental use of nuclear weapons[10] or the collapse of global civilization due to climate change.[11]  But even for these, we try to think about what class of events these events belong to in order to use data from past experience to make estimates.  For example, what have been the ratios of near misses to catastrophic accidents in other areas, and what have been predictors of collapse of previous civilizations?[12]

Review of classical “frequentist” statistics 
Before we can talk about what P-values and confidence intervals mean, we need to review classical (“frequentist”) statistical significance testing. The basic process is as follows:
1. State an appropriate test hypothesis, most often a null hypothesis (H0), a hypothesis of “no effect,” the exact phrasing of which depends on the type of variables and the relationship between them that you wish to investigate.[footnoteRef:4] The null hypothesis will be something like: “there is no difference between the means in the two groups” or “the response rates do not differ” or “there is no linear association between variables A and B.” [4:  For simplicity, we'll assume the test hypothesis is the null hypothesis for the next part of this discussion.] 

2. Choose α, the maximum probability of a Type 1 error that you are willing to tolerate. A Type 1 error is when you reject the null hypothesis when it is true – that is, conclude that the difference you observed was not due to chance, when in fact it was. (A Type 2 error is failing to reject the null hypothesis when it is false – that is, concluding that the difference could be due to chance when in fact it isn’t. The maximum probability of a Type 2 error is β.)
3. Use the results of the study to calculate the value of a test statistic with a known distribution if the null hypothesis and assumptions of the statistical model are true. Examples of test statistics are a t statistic, χ2 statistic, or a regression coefficient divided by its standard error. The test statistic and underlying assumptions (like random treatment allocation and random if any loss to follow-up) depend on the design of the study and the type of variables evaluated.  
4. Use that test statistic to calculate a P-value. Classically, if the P-value is less than α, you reject the null hypothesis; however, authors of clinical research articles rarely explicitly reject or fail to reject the null hypothesis. More commonly, they will simply report the P-value and consider the result “statistically significant” if P is less than 0.05, otherwise not.
Wrong and right definitions of P-values
Many people misinterpret the P-value as the probability that the null hypothesis is true (i.e., that there is no difference between the groups, no relationship between the variables, etc.), given the results of the study. That is, if P = 0.05, there is a 5% probability that the observed departure from the null hypothesis occurred by chance and a 95% probability that it did not and the observed difference is real.  But with a little thought, you can realize that definition can’t be right, because as described above, the P-value is calculated assuming the null hypothesis is true, so it can’t be used to estimate the probability of the null hypothesis.
Here’s a basketball example.  A basketball player shoots a free throw and misses.  Because our home team star Steph Curry is a 92% free throw shooter[footnoteRef:5], if he were the shooter, the chance of that happening would be about 8%.  Do we therefore conclude that there’s a 8% chance that the person shooting is Steph Curry? On the other hand, Steve Adams of the Oklahoma City Thunder makes about 55% of his free throws.[footnoteRef:6]  So if the player misses, is there a 45% chance that it is Steve Adams?  In this example, the logical error should be obvious: we tried to go from P(Missed free throw|Player) to P(Player|Missed free throw).  This is the same error as going from P(test statistic|null hypothesis) to P(null hypothesis|test statistic). [5:  https://stats.nba.com/player/201939/, accessed 11/19/18]  [6:  https://stats.nba.com/player/203500/, accessed 11/19/18] 

Correct Definition: A P-value is the probability of observing a value of the test statistic at least as extreme as that observed in the study, if in fact the null hypothesis and other underlying assumptions are true.
So now let’s take advantage of what you learned about probability updating with diagnostic tests. 
Using your understanding of diagnostic tests to understand P-values
Introduction to Bayesian thinking: false-positive confusion
Remember the specious argument from Chapter 2, when we addressed what we called “false-positive” and “false-negative” confusion? Box 2.3 (about the need always to do a urine culture after a negative urinalysis) was about false negatives. Recall that the faulty logic went something like this:
1. The sensitivity is 80%.
2. Therefore, the false negative rate is 20%.
3. Therefore, if the test is negative, there is a 20% chance that it is a false negative.
But, in fact, statement 3 was false, because in statement 2, “false negative” refers to (1 − Sensitivity), and in statement 3 it refers to (1 − Negative Predictive Value). For this chapter, it is false-positive confusion that is most relevant. In the diagnostic testing setting, the false-positive confusion goes something like this:
1. The specificity of a test is 95%.
2. Therefore, the false-positive rate is 5%.
3. Therefore, if a patient has a positive result, there’s a 5% chance that it is a false-positive and the patient does not have the disease.
4. Therefore, if a patient has a positive result, there is a 95% chance that he does have the disease.
Once again, the problem is with statement 3, in which the probability of a positive result given no disease was converted into the probability of no disease given a positive result. That is, in the standard 2 × 2 table (Table 11.1), the usage of the term “false-positive rate” in statements 1 and 2 was b/(b + d) = 1− Specificity. This corresponds to going vertically in the 2 × 2 table.
	 
	Gold Standard
	 

	Test
	Disease +
	No Disease
	Total

	Positive
	a
	b
	a + b

	Negative
	c
	d
	c + d

	Total
	a +c
	b+d
	N


Table 11.1 When “false positive rate” refers to (1 – specificity) or b/(b + d), we are looking at the vertical “No Disease” column in the standard 2 × 2 table for a diagnostic test.
Then, in statement 3, we switched and started going horizontally, and the “false-positive rate” changed to b/(a + b) = (1− Positive Predictive Value) (Table 11.2).
The “false-positive rate” that goes horizontally (1 − Positive Predictive Value) is more clinically relevant once you get a positive result.  It is the probability that your patient does not have the disease, despite that positive result. However, we learned that it cannot be calculated from just sensitivity and specificity, because it depends on the prior probability of the disease.
	 
	Gold Standard
	 

	Test
	Disease +
	No Disease
	Total

	Positive
	a
	b
	a + b

	Negative
	c
	d
	c + d

	Total
	a +c
	b+d
	N


Table 11.2 When “false positive rate” refers to (1 − Positive Predictive Value) or b/(a + b), we are looking at the horizontal “Test Positive” row of the standard 2 × 2 table for a diagnostic test.
Now consider the following argument:
1. We set α, the probability of a Type 1 error, at 5%.
2. Therefore, the probability of falsely concluding there is a difference, when in fact none exists, is 5%.
3. Therefore, if the P-value for our study is less than 0.05 and we reject the null hypothesis, the chance that we will be wrong is 5%.
4. Therefore, if the P-value is less than 0.05, there is at least a 95% chance that the difference between groups is not due to chance.
Can you see that this is exactly the same fallacy? Once again, the problem is with statement 3, although the ambiguity of statement 2 contributed to the problem. Statement 3 confuses the probability of the results given the null hypothesis with the probability of the null hypothesis given the results.
The key is that the P-value is a conditional probability: it is calculated assuming that the null hypothesis is true. In this way, it is like 1 − Specificity, which is calculated conditional on not having the disease. For any one research question, there are many possible null hypotheses, and hence many test statistics that can be calculated. For example, there are test statistics to compare means, ranks, and standard deviations between groups, and they will not always give the same P-value. 
Note that it is also possible to calculate distributions of test statistics and P-values under assumptions other than the null hypothesis. For example, in an equivalency study, one might want to test the hypothesis that drug A is inferior to drug B by a specified amount. This is like calculating test characteristics for disease A vs. disease B, as opposed to Disease A present and absent. In that case, “specificity” could be how often the test is negative in people with disease B rather than in everyone who does not have Disease A.
This analogy between diagnostic and statistical tests can be visualized with a 2 × 2 table similar to the ones we used for diagnostic tests (Table 11.3).
Just as was the case with diagnostic tests, what you really want is to go horizontally in this table – that is, what you want to know is the probability that there truly is a difference between groups, given the study results. But when you calculate a P-value, you are going vertically. That is, you assume the null hypothesis is true. 
	 
	Truth

	Study
	Difference
	No Difference

	Positive
	1-β
	α 

	Negative
	β 
	1- α 


Table 11.3 The analogy between diagnostic and statistical tests can be visualized with a 2 × 2 table, like the one we used for diagnostic tests. Power (1 − β) is analogous to sensitivity and α is analogous to 1 – Specificity.
We can summarize the Bayesian understanding of P-values exactly as we did when discussing diagnostic tests:
	What you thought before + New information = What you think now


The new information, in this case, is the result of the study. The P-value is a measure of how consistent the result of the study is with the null hypothesis. However, it is not the posterior probability of the null hypothesis, because you cannot obtain a posterior probability without a prior probability.  
Extending the analogy
The analogy between diagnostic tests and research studies can provide a lot of help understanding other aspects of P-values, too. A full analogy, adapted from an article Warren Browner and Tom wrote in 1987[13] is shown in Table 11.4.


Table 11.4. The analogy between diagnostic tests and research studies
	Diagnostic test
	Research study

	Absence of Disease
	Null hypothesis is true

	Presence of disease
	Alternative hypothesis is true

	Severity of disease in the diseased group
	Magnitude of the true difference between groups

	Cutoff for distinguishing positive and negative results
	Alpha

	Test result
	P-value

	Negative result (test within normal limits)
	P-value exceeds alpha

	Positive result
	P-value less than alpha

	Sensitivity
	Power

	False positive rate (1 − specificity)
	Alpha

	Prior probability of disease (of a given
severity)
	Prior probability of a difference between groups (of a given magnitude)

	Posterior probability of disease, given test result
	Posterior probability of a difference between groups, given study results


We can think of a research study as a diagnostic test to detect a difference (or association) between groups. Just as a sensitive test is more likely to find disease when it is present, a study with plenty of power (i.e., large sample size) is more likely to find a difference when it is present. In Chapter 4, we learned that many diseases are not homogenous, and that sensitivity would be expected to increase with the severity of disease. The analogy for research studies is that large differences between groups (i.e., strong associations) are easier to identify than small ones. Just as sensitivity depends on the severity of disease you wish to detect, power depends on the magnitude of the difference between groups you wish to detect; bigger differences, like more severe disease, are easier to find.[footnoteRef:7] [7:  The analogy is not perfect, because for truly dichotomous disease states we need not specify a severity or stage of disease when estimating sensitivity, whereas we always must specify the magnitude of the difference we wish to detect when estimating power. This is because the degree of departure from the null hypothesis is not dichotomous.] 

When one does formal hypothesis testing for a research study, one compares the P-value from a study with a previously defined cut-off (α) for determining whether to reject the null hypothesis. This is analogous to deciding whether a test result falls within the “Normal Range.” Note that, the more sure you want to be that a test is abnormal before labeling it as such, the wider your normal range will be. Similarly, the more sure you want to be that a P-value is inconsistent with the null hypothesis, the lower the alpha you will require.
Of course, simply comparing a P-value to alpha and reporting that it is lower (e.g., “P < 0.05”) discards information. A P-value of 0.001 provides stronger evidence against the null hypothesis than a P-value of 0.049. This is similar to the point we made in Chapter 3, that dichotomizing WBC counts at 15,000 throws away information because it lumps together slightly and very abnormal results. 
Intentionally ordered tests and hypotheses stated in advance
If after a history and physical examination, you suspect a particular disease, and order a diagnostic test to confirm your hypothesis, a positive result is quite believable. This is because the disease you were testing for had a high prior probability. The posterior probability of disease depends only on the prior probability and the test result, however, not on whether you were smart enough to entertain the diagnosis in advance. Thus, the fact that a test was ordered by the third-year medical student with no particular suspicion of the disease does not mean the attending physician needs to assign a low prior probability when interpreting the result, if the history and physical examination immediately suggested the correct diagnosis to the attending.
Similarly, when testing research hypotheses, it is generally true that hypotheses stated in advance have higher prior probabilities than hypothesis arrived at after examining the data. But whether a hypothesis was stated in advance does not lock in the prior probability forever. Thus, if, after the data have been collected, some other study suggests a particular hypothesis, that hypothesis can be tested and will have a reasonable prior probability, even if it was not stated in advance of the data collection. This happens in clinical medicine as well. A finding that the clinician either initially did not pay much attention to or dismissed as a red herring can suddenly provide evidence in favor of a disease when other findings pointing to that previously unconsidered disease become available.
The most important reason for stating hypotheses in advance relates not so much to staking a claim on a reasonably high prior probability as it does to avoiding the temptation to cherry-pick findings and statistical tests that give desired results after the fact.  This is the topic of Box 11.1 and the next section.
Box 11.1 Specifying hypotheses in advance 
“You know, the most amazing thing happened to me tonight. I was coming here, on the way to the lecture, and I came in through the parking lot. And you won't believe what happened. I saw a car with the license plate ARW 357. Can you imagine? Of all the millions of license plates in the state, what was the chance that I would see that particular one tonight? Amazing!"
 ― Richard Feynman, legendary physicist[14] 

Professor Feynman’s quote illustrates the importance of stating hypotheses in advance.
The chance that the professor would see that particular license plate by chance alone is of course very small, but the chance that he would see a license plate that belongs to the same class as that license plate is higher.  Of course, this latter probability depends upon how “the same class” is defined.  In this case the class looks like some random letters and numbers, and so it’s easy to be unimpressed.  But if he had seen the license plate ΒBB 222 we might be a little more impressed.[footnoteRef:8]  But how impressed we would be might depend on whether we attached significance to the fact that B is the second letter of the alphabet, in which case the license plate would belong to a class that only had 9 plates (AAA 111, CCC 333 etc.) or only if it belonged to a larger class where the 3 letters and 3 numbers were the same (260 plates) or if it belonged to the class of license plates that have a “non-random” look to them (a much larger number).  By specifying in advance what we are looking for (i.e., what counts as a success) we can avoid the temptation to narrow the class after the fact. [8:  Dr. Feynman's anecdote was when license plates in California were 3 letters and 3 numbers, before the era of personalized license plates. ] 

Multiple hypotheses and multiple tests
It is well known that if you look for enough different associations, either by selecting from multiple predictor and outcome variables or by restricting attention to various subgroups, it is easy to find statistically significant associations.  If there is a 5% chance of making a Type 1 error testing a single (true) null hypothesis, then if you test two (independent, true) null hypotheses, the chance of such an error with either one would be closer to 10%; and if you test enough such hypotheses, your chances of rejecting one or more with P < 0.05 approaches one. 
To address this issue, the Bonferroni correction is sometimes applied. The Bonferroni correction says that, if you want to test k different null hypotheses and maintain a particular value for α, the Type 1 error rate for your whole study, you should use α/k as the Type 1 error rate for each individual hypothesis tested. Thus, if you wanted an overall α of 0.05 and planned to test 2 hypotheses, you would require P < 0.025 before rejecting the null hypothesis; for 5 hypotheses, you would require P < 0.01, and so on.  Because it sets a maximum error rate for the entire study, the Bonferroni is one method to control the “family-wide error rate” (FWER).
The Bonferroni correction is overly conservative, partly because it does not account for the possibility that more than one of the null hypotheses can be falsely rejected.[footnoteRef:9]  There are less conservative alternatives,[15, 16] but any adjustment to α for multiple individual comparisons based on the overall α can be problematic to apply. If you have collected your data and start running analyses, do you have to start counting every P-value your statistics package calculated as one of your hypotheses and reduce your value of α for individual comparisons accordingly?  If the drug you are studying is associated with a bothersome side effect (e.g., cardiac arrhythmias), can you render the result not statistically significant by testing enough additional hypotheses about other side effects? [9:  To understand this, you need to understand the following probability theorem:
P(A or B) = P(A) + P(B) − P(A & B)                        
It makes sense to subtract P(A & B) because otherwise that probability gets counted twice (see Venn diagram above). With the Bonferroni correction, event A is rejection of null hypothesis A and event B is rejection of null hypothesis B. P(A) = P(B) = α, so P(A or B) = P(A) + P(B) − P(A & B) = α + α −P(A & B) = 2α − P(A & B). Of course, it is possible to falsely reject 2 different null hypotheses, so P(A & B) > 0. Therefore, the probability of falsely rejecting either of the null hypotheses must be less than 2α.] 

The problem here is that once we get away from testing a single null hypothesis, we begin to slip from stochastic to epistemic (and therefore subjective) probability estimation, because there are multiple ways to define the sampling space for testing of multiple hypotheses.  
A conceptually more straightforward problem with multiple hypothesis testing is that most of the multiple hypotheses have low prior probabilities. This is similar to the difference between a test that is intentionally ordered and one that pops up as abnormal on a twenty-test chemistry panel. The interpretation of a particular statistical hypothesis test does not depend on how many other hypotheses were tested in the same study, just as the interpretation of a serum sodium level does not depend on whether you ordered an alkaline phosphatase on the same specimen. If clinical laboratories believed in the Bonferroni correction, they would widen the normal range of laboratory tests depending on how many tests were done on the same specimen. That being said, statistical approaches to avoid making too much of small P-values in the face of multiple comparisons are reasonable, because estimation of prior probabilities of hypotheses is a difficult and subjective process. 
The False Discovery Rate
With the increasing use of “Big Data” – genomics, metabolomics, and all the other “omics”, as well as the ability to troll through vast electronic medical records looking for interesting findings, it is now possible for investigators to test thousands of different hypotheses in a single study.  An appealing alternative to the Bonferroni correction and its relatives for this sort of multiple hypothesis testing is the False Discovery Rate (FDR)[footnoteRef:10].   [10:  Actually, what we describe is the “positive False Discovery Rate” (pFDR).  See Storey JD. The Positive False Discovery Rate: A Bayesian Interpretation and the q-Value. Annals of Statistics, 2003, 31(6): 2013-2035.] 


The FDR works if you are testing a large number of null hypotheses, each of which has an approximately equal (generally high) probability of being true (i.e., you have a lot of unlikely alternative hypothesis, as occurs with a genome-wide association study).  The false discovery rate takes advantage of the fact that the expected distribution of the p-values from tests of a large number of (true) null hypotheses is uniform, i.e., about 10% will be between 0.2 and 0.3, 5% will be < 0.05, 1% will be <0.01, 0.1% will be <  0.001 and so on.  So let’s suppose that you test 1000 null hypotheses.  If all of them were true, you would expect about 10 (1%) to have P <0.01.  But what if 40 of the hypotheses we tested had P<0.01?  Then we’d estimate that about 10 of those null hypotheses would be true, but that 30 would not, because we got 30 more P-values <0.01 than we would expect if all of the null hypotheses were true.  In that situation, we would say the FDR would be 10/40 = 25%.  This is the maximum expected proportion of the observed associations (positives) that were due to chance (false positives).  An analogy to diagnostic testing may help clarify the concept of the FDR as the maximum expected proportion of positives that are false positives.

We will test 1000 individuals for a disease with the PV test, for which lower values are more suggestive of disease.  We don’t know the prevalence of disease and we don't know any signs, symptoms, or risk factors on the subjects we are testing, so as far as we are concerned, they all have the same unknown pre-test probability P(D).  We do know the distribution of the PV test in D− patients (without disease) and define a cutoff value PV* such that P(PV<PV*|D−) = 0.01.[footnoteRef:11]  That is, if a “positive” result is PV < PV*, the specificity of the test is 0.99 and the expected proportion with false positive results is (1- P(D))  0.01.  This is maximal when P(D) = 0, so the maximum expected proportion with false positive results is 0.01.  If we test 1000 people, then the maximum expected number of false positives is 10, but we observe 40 positives.   [11:  Fixing =0.01 in advance is what makes this a pFDR instead of an FDR.  See Storey JD. The Positive False Discovery Rate: A Bayesian Interpretation and The q-Value. Annals of Statistics, 2003, 31(6): 2013-2035.
] 


Now, we randomly choose one of those 40 positives without looking at the actual PV test result, so all we know is that PV < PV*.  Then the maximum probability that individual is a false positive is 10/40 = 0.25, the FDR.  How did we get a post-test probability without estimating P(D), the pre-test probability?  We calculated the difference between the observed number of positives (40) and the expected number (10) under the assumption that the disease prevalence of D was zero, and we used this difference to infer an expected value for p.  Note that the FDR does not distinguish between individuals with a PV test result only slightly less than the cutoff PV* and those with an extremely abnormal result.  

Controlling the FDR is like setting a maximum value for the average proportion of all positive test results that are false positives.  Controlling the family-wide error rate (e.g., using the Bonferroni correction) is like setting a maximum value for the probability of having even one false positive.  So, controlling FDR is less stringent than controlling the family-wide error rate.

Understanding confidence intervals
There is no direct analogy between interpretation of results of diagnostic tests and of confidence intervals for research studies. Nonetheless, because confidence intervals are even more widely misunderstood than P-values, we review their meaning here.
It turns out it is easier to say what confidence intervals do not mean than what they do mean. Confidence intervals do not indicate a range with a 95% probability of including the true value. What do they mean? 
Let’s start with a simple example.  You flip a coin 20 times and get 12 heads.  This gives a 60% probability of heads, with an “exact” 95% confidence interval of 36% to 81%.  Earlier we noted that it is possible to calculate P-values under various assumptions about the true value of a parameter.  If we assume the probability of heads is 36%, the probability of obtaining 12 or more heads in 20 tosses (a one-tailed P-value for a result of 12 heads) would be 0.025.  Similarly, if we assume the probability of heads is 81%, the one-tailed P-value for obtaining 12 or fewer heads is 0.025.  So the 95% confidence interval gives the range of hypotheses about the probability of heads that would not be rejected at the 0.025 significance level on either side.  More generally, the (1 − α) confidence interval is the range of hypotheses that would not have been rejected at significance level α/2.
Of course, if you don't want to spend a couple of paragraphs explaining their exact meaning, a nonquantitative definition works almost as well: the confidence interval indicates a range of values consistent with what was observed in the study. The higher the “level of confidence” (e.g., 99% vs. 95%), the wider the interval will be, corresponding to a looser definition of “consistent.” Of course, by chance alone, the true value might not be consistent with what was observed in the study, because the study happened to give the wrong answer. 
The pedagogical debate we mentioned earlier, related to whether to try to give the correct interpretation of P-values, applies even more to confidence intervals, which are a bit harder to understand. For example, Douglas Altman, a bright light in the field of statistics and medicine, has written[17]:
A strictly correct definition of a 95% CI is, somewhat opaquely, that 95% of such intervals will contain the true population value. Little is lost by the less pure interpretation of the CI as the range of values within which we can be 95% sure that the population value lies.
We disagree. We think a lot is lost by the less pure interpretation, because different hypotheses have a wide range of prior probabilities. Therefore, the interpretation of the CI as the range of values within which we can be 95% sure that the population value lies is, in many cases, not even close.[footnoteRef:12] [12:  Statisticians get around the fact that confidence intervals don’t mean what it seems like they should by creating their own definition of the word “confidence.” This definition makes the statement that you can be 95% confident that the true value lies within the 95% confidence interval both true and tautologous.] 

Box 11.2 Back of the napkin demonstration
Perhaps you are at a cocktail party, and the conversation turns (as it so often does) to the topic of confidence intervals.  Here's how you can demonstrate to your incredulous date that the common understanding of confidence intervals can't be right.
Picture a randomized trial, comparing Treatment A with Treatment B, that only has ten subjects per group. Four in each group die. The RR for mortality is 1.0 with a 95% CI of 0.34 to 2.9. You might believe that there is only a 5% chance that the true value is outside that CI, because it is fairly wide. But the 40% CI is a bit narrower (0.75 to 1.33). Is there a 40% chance that it contains the true value? If so, there must be a 60% chance that the true value is outside that 40% CI – that is, that the true RR is <0.75 or >1.33. In other words, there is a 60% chance that Treatment A either lowers mortality by 25% or increases it by 33%! But your study provided no information to suggest this was the case. How can a study that shows no difference between groups lead to a probability of 60% that there is at least a 25% difference in either direction?[footnoteRef:13] [13:  The answer is that the posterior probability that the true RR is <0.75 or >1.33 could be 60% only if the prior probability were more than that. Given no additional information about treatments A and B, there is no reason to presume that this is the case.] 

Again, we can summarize the Bayesian understanding of confidence intervals similarly to that of P-values and diagnostic tests:
	What you thought before + New information = What you think now


The “new information” in this case is the result of the study. The 95% CI is a range of parameter values consistent with the parameter estimate from the study, but it does not have a 95% probability of containing the true parameter value, because you cannot obtain posterior probability without prior probability.
Bayesian analysis of clinical trials 
We are starting to see Bayesian statistical analysis make its way into the mainstream clinical research literature [2, 18-20] and regulatory agencies.[3]  While the details of these posterior probability calculations are beyond the scope of this book, a few general points are worth making.
The posterior probability (distribution) alone is still not sufficient to make decisions
In Chapter 2 we showed how to estimate posterior probability of disease but then admitted that in order for that estimate to guide decisions we needed to know the treatment threshold.  Similar considerations apply to deciding at what posterior probability of a given effect size (e.g., the probability of at least a 2% absolute risk reduction in Box 11.3) we should approve or recommend a treatment.  Just as was the case with treatment decisions after obtaining diagnostic test results, this decision will require comparing the costs of the two types of mistakes: approving a treatment less effective than the threshold (including harmful) or failing to approve a treatment at least as effective as the threshold.

For example, in the delayed cooling study described in Box 11.3, the authors did not specify a posterior probability threshold at which they would recommend the treatment.  They concluded that the treatment "…may have benefit, but there is uncertainty as to its effectiveness." 

In contrast, in the PREVAIL-II study of ZMapp, a triple mono-clonal antibody for treating Ebola virus disease,[1] the authors pre-specified that a posterior probability of 97.5% of (any) benefit would be required to establish efficacy.  However, the investigators apparently chose this level because it was "akin to a one-sided type I error rate of 2.5%," rather than by weighing the relative costs of type I and type II errors.  One could argue that given the 15% absolute reduction in 28-day mortality, and lack of adverse effects, the 91.2% posterior probability of superiority achieved in the study is more than sufficient.
Box 11.3: Bayesian Analysis of a Clinical Trial
Newborn babies can get brain damage if there is a period before birth when their brain does not get enough oxygen.  This can occur, for example, if there is a knot in the umbilical cord or it goes around the baby’s neck.  It turns out that some of the damage is not just from the lack of oxygen, but the inflammatory response to it, and that randomized trials have shown that cooling the baby (or at least the baby’s head) beginning within 6 hours after birth can reduce the risk of neurological injury and subsequent disability.  However, if the baby is not born at a hospital that does cooling, it can be hard to start it within 6 hours.  
Laptook et al[2] undertook a clinical trial to determine whether cooling started more than 6 hours after birth would prevent death or disability in newborns showing early signs of brain injury.  Because they anticipated difficulty recruiting enough subjects for a traditional “frequentist” analysis, they planned (and did) a Bayesian analysis.  To do this they prespecified three prior probability distributions that they called optimistic, neutral and pessimistic.  The optimistic prior probability distribution was centered around an estimate of efficacy the same as had been observed with earlier treatment: a risk ratio of 0.72.  The neutral prior risk ratio was 1.0 and the pessimistic prior risk ratio was 1.1.  
It is important that they needed to specify not just a prior estimate of the risk ratio, but also its distribution.  The authors chose to fix the 95% confidence interval around the prior distribution risk ratios at half and twice as big as the point estimate.  Thus, for the neutral prior the 95% CI was (0.5, 2.0).  Note that the width of the prior confidence interval determines how much the prior probability influences the posterior probability.  For example, if the 95% CI of the neutral prior distribution were narrower (e.g., 0.9, 1.1) it would have a greater influence and the posterior distribution for the risk ratio would be closer to 1.0.
Figure 11.1 shows how the authors displayed the posterior distribution of the absolute risk reduction based on the neutral prior.  They estimated that there was a 64% probability that the absolute risk reduction from cooling was at least 2%, but that there was 20% probability that cooling increased risk by at least 0.5%.
[image: ]
Figure 11.1.  Posterior distribution of the absolute risk difference in risk of death or moderate to severe disability from cooling > 6 hours after birth.  Assumes a neutral prior risk ratio of 1.0, 95% CI ().5, 2.0).  Reproduced with permission from JAMA.2017,318(16):1550-60. © 2017 American Medical Association. All rights reserved.
Reporting negative studies: confidence intervals around the ARR
There is a trend toward eschewing P-values in favor of confidence intervals, because they are felt to be more informative. Confidence intervals are, in fact, more informative; although it isn’t really a fair comparison because confidence intervals have two numbers and the P-value is only one number. Confidence intervals are particularly useful for negative studies – they let you see how big an effect could have been missed.
Consider the reporting and interpretation of negative studies as a progression from the most elementary to the most sophisticated. We can present this the way Sackett et al.[21] have presented interpretation of diagnostic tests, using a progression of colored karate belts.
We will use as an example a classic study of treatment of febrile infants with oral amoxicillin to prevent complications (like meningitis or infected joints or bones) of bacteremia (bacteria in the blood). The study included children 3–36 months old with fevers of at least 39◦C [22]. The authors reported that 27 of the 955 children in the study were bacteremic and that complications occurred in 2 of 19 (10.5%) bacteremic infants treated with amoxicillin compared with 1 of 8 (12.5%) bacteremic infants treated with placebo, a difference that was not statistically significant (P = 0.9). Note that there were more than twice as many bacteremic children in the amoxicillin group (N = 19) as in the placebo group (N = 8), presumably due to bad luck (P = 0.07), although a problem with the randomization is also possible.
White belt
The white belt just involves looking at the P-value to see whether it is ≥ 0.05 (or whatever alpha was chosen). Thus, a white belt reader would look at the study above and conclude, “amoxicillin doesn’t work,” because the P-value is far from significant. Many doctors and investigators have a white belt.
Yellow belt
The yellow belt involves considering not only the P-value, but also the power of the study. (Recall that the power is 1 − β, the probability that the null hypothesis will be rejected, given that a true difference of a specified magnitude exists.) The power of a study is often included with a sample size calculation in the methods section of a paper. In fact, some reviewers and editors insist on this, although in fact (as discussed below), it is not of much use to readers. The basic idea is that a negative study is not convincing if it was underpowered.
The study cited above was, in fact, underpowered. The authors state in the discussion that the power to detect a fourfold difference between groups in the odds of complications was only 24%. The authors’ conclusion that their “data do not support routine use of standard doses of amoxicillin ...” is certainly reasonable, but that conclusion would also be true if they had studied 5 rather than 955 patients.
Green belt
The green belt is to examine the 95% CI for the RR or OR. In this case, the authors did present a 95% CI for the OR for complications.[footnoteRef:14] The point estimate of the OR was 1.2 with a 95% CI of 0.02 to 30.4. (This is actually the ratio of the odds of complications in the placebo group to the odds of complications in the amoxicillin group; they did not follow the convention of putting the odds in the active treatment group on top.) This tells you explicitly the range of values consistent with the study. One of us (Tom) was surprised that a negative study published in the New England Journal of Medicine would have such a wide confidence interval for its major outcome, and (with Dr. Robert Pantell) wrote a letter to the editor.[23] The letter pointed out that a confidence interval for the OR that ranges from 0.02 to 30.4 suggests that the study provided virtually no information on the research question. True enough, but not the whole answer. Too bad we didn’t have a brown belt! Read on. [14:  Why they presented the OR, and not the RR is not clear, as this was a randomized trial. It is especially puzzling because the 95% CI for the RR is quite a bit narrower! They also presented the risk difference (12.5% − 10.5% = 2%) and its confidence interval (−15% to +32%).] 

Blue belt
The blue belt does not apply to all studies, but does in this example. The key is to make sure that you do an intention-to-treat analysis. The analysis done by the authors compared complications only among bacteremic patients! But, as discussed in Chapter 8, the analysis should include all subjects randomized. At the time the amoxicillin was given, there was no way to know which children were bacteremic and which were not. Thus, benefits, risks, and costs might occur in nonbacteremic patients, and need to be compared between the entire amoxicillin group and the entire placebo group. The correct RR (keeping, for comparison purposes, the placebo group on top) is the ratio of 1/448 (the risk of complications in the placebo group) to 2/507 (the risk of complications in the amoxicillin group), which equals 0.57 with a 95% CI of 0.05 to 6.2.[footnoteRef:15] [15:  Note that the direction of the effect, albeit totally explicable by chance, is now in favor of placebo; the placebo group had a lower risk of complications than the amoxicillin group.] 

Brown belt
The confidence interval for the RR calculated in the “Blue belt” section is fine, but for making clinical decisions, it is really the absolute risk reduction (ARR), not the RR, that determines the balance of risks and benefits and hence clinical decisions. The brown belt involves calculating the (correct) ARR and its 95% CI. The ARR in this case was −0.17%. (Because the point estimate was an increase in risk with amoxicillin, the ARR is negative.) The 95% CI for the ARR goes from −0.9% to +0.5%. That is, the upper limit of the 95% CI for the benefit of amoxicillin in this study is an absolute reduction in risk of complications of 0.5%. This, in turn, means that the lowest number needed to treat consistent with this study would be 1/0.5% = 200. If we are pretty sure that a NNT of 200 is too high, then the study makes us confident that we should not routinely treat febrile infants with amoxicillin.  This example illustrates that although we generally think of randomized trials as helping with treatment decisions by quantifying the effects of treatment, in some cases they can inform decision-making by quantifying the risk of the outcome in the absence of treatment. 
If we are trying to use the study results to help with a clinical decision about a treatment, the ARR and its confidence interval are most useful. However, the relative risk reduction (RRR) tends to be more generalizable than the ARR. Thus, for patients at higher risk of bacteremia and/or complications, the NNT could easily be lower and whether they might benefit from treatment remains unknown.
Looking at the 95% CI for the ARR is a good idea for positive studies as well. The whole P-value and hypothesis-testing system is designed to determine the consistency of the data with an effect size of zero. But ruling out an effect size of zero is not as useful as ruling out an effect size that would be too small to warrant treatment. Thus, we could be fairly certain that a treatment has some small beneficial effect but still uncertain about whether to prescribe it. If a 95% CI not only excludes no effect, but also excludes benefits that are clinically trivial (i.e., that would lead to an NNT that is much too high), the study provides much stronger evidence of a clinically meaningful effect.
	KEY POINT: The most important thing to look for when a study of a possible treatment shows no difference between groups is the confidence interval for the ARR, to see whether a clinically significant benefit (or risk) is consistent with the study results.
For a positive study, we want to look at the 95% CI for the ARR to see whether a clinically insignificant effect is consistent with the results.


Black belt
The black belt involves 1) using one or more prior probability distributions and the study results to estimate the posterior probability distribution for benefit (as in Box 11.3) and 2) combining that posterior probability distribution with the cost (utility) of different outcomes to arrive at the course of action with the maximum expected benefit (under varying prior distribution scenarios).  If you want a black belt you'll probably need a more advanced book!

START OF BOX 11.4
Box 11.4: Useful shortcut: confidence intervals for small numerators
A situation that arises frequently in clinical research is that you observe either no instances of the outcome (called “events” in probability lingo) or a very small number of them. Years ago, Hanley and Lippman–Hand[24] wrote a classic paper about zero numerators, called “If Nothing Goes Wrong, Is Everything All Right?”. They described the “Rule of Three,” which states that, if you observe zero events out of N trials (e.g., no deaths in N = 100 people on a drug), then the upper limit of the 95% CI for the true event rate is about 3/N.[footnoteRef:16] [16:  If p is the probability of an event, X is the number of events, and N is the number of trials, find the value of p such that P(X=0) = (1-p)N = 0.05.  Nln(1-p) = ln(0.05).  ln(1- p) ≈ -p for p near 0; ln(0.05) ≈ -3 ; p = 3/N.  The “3” in the “Rule of 3” comes from the natural logarithm of 0.05 which is -3. ] 

Example: A new drug is given to 60 people. It seems to work, and has no serious adverse effects. The authors conclude it is “safe and effective.” The upper limit for the 95% CI for any serious adverse effect is about 3/60, or 5%.The “Rule of Three” for 0 numerators has analogs for slightly higher numerators, too. [25]  Basically, for numerators of 0, 1, 2, 3, and 4, the numerator for the upper limit of the 95% CI is somewhere around 3, 5, 7, 9, and 10, respectively (Table 11.2). These numbers are not exact, but they are close enough, and a whole lot easier to do in your head or on your calculator than exact confidence intervals.
It is easier to illustrate this shortcut with examples than to explain it.
1. Three deaths are observed in 500 patients on a new drug. What is the upper limit of the 95% CI for the death rate?
The short cut for 3 is to use 9 as the numerator for the upper limit of the 95% CI. So it would be ~9/500, or 1.8%. (The exact binomial answer is 1.74%.)
Table 11.2. Extension of the “Rule of 3” for 0 numerators to numerators up to 4
	Observed numerator
	Approximate numerator

	0
1
2
3
4
	3
5
7
9
10


2. One case of HIV is found among 101 household contacts. What is the upper limit of the 95% CI for the risk of HIV among contacts?
For a numerator of 1, you use 5. So the upper limit of the 95% CI is ~ 5/101 = 5%. (The exact binomial answer is 5.4%.)
3. A laboratory test done on 50 patients with disease is found to be 98% sensitive. What is the lower limit of the 95% CI for sensitivity?
a) First you need to figure out that there must have been 49/50 (= 0.98 × 50) positive tests.
b) Therefore, the false-negative rate was 1/50.
c) The upper limit of the 95% CI for false-negative rate of 1/50 is about 5/50, or 10%.
d) Therefore, lower limit of 95% CI for sensitivity is 100% − 10% = 90%. (Exact binomial answer is 89.4%.)
END OF BOX 11.4


Summary of key points
1.  Stochastic probabilities are based on repeatable random processes and can be estimated mathematically, while epistemic probabilities are subjective estimates.
2.  P-values are sometimes misinterpreted as the probability that the null hypothesis is true. But because P-values are calculated assuming the null hypothesis, they cannot provide the probability that it is true.  They are the probability, under the null hypothesis, of results at least as extreme as those in the study.
3. Controlling the False Discovery Rate (FDR) is an appealing way to account for the large number of comparisons involved in genome-wide association and similar studies.

 4. Confidence intervals provide a range of values consistent with results of the study, but it is not true that a 95% CI from a study has a 95% probability of containing the true value of the parameter being studied.
5.  Even after estimating a posterior probability distribution for a parameter of interest, an estimate of the relative costs and benefits of different outcomes is necessary for rational decision making 
6. 95% CIs for negative studies are more useful than power, because they include information obtained from the study results
7. In negative studies, look at the confidence interval for the absolute risk reduction (ARR), to see whether a clinically significant benefit (or risk) is consistent with the study results.
8. The 95% CIs of the ARR for positive studies are most convincing when they not only exclude a null effect, but also exclude effects too small to be clinically meaningful.
9. The “Rule of 3” for 0 numerators can be used to estimate the upper limit of the 95% CI for studies with no events. The rule can be extended to a “Rule of 3, 5, 7, 9, and 10” for numerators of 0, 1, 2, 3, and 4.
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