Supplements EBD-2 pp. 147-149
Michael A. Kohn 10/18/2020
Mean Bias, Mean Absolute Error, and Brier Score
Three numerical quantities used to assess calibration are the mean error (ME), mean absolute error (MAE), and mean squared error (MSE).  The mean error (ME) for a risk prediction is similar to the mean bias for a continuous measurement calibrated against a reference standard (Chapter 5), except now the reference standard is the observed outcome, coded as 1 if it occurred and 0 if it didn’t.  For a given individual, the error is the difference between that individual’s risk prediction and the outcome observed.  If the risk estimate is 20% and the outcome did not occur, the error is 0.2  0 = 0.2; if the outcome occurred, the error is 0.2  1 = 0.8.  To get the ME, just average the individual errors across the entire population.  To get the mean absolute error (MAE), take the absolute value of the error before averaging; to get the mean squared error (MSE), square it before averaging.  

Here are the formulas:

ri = predicted risk for individual i
example: ri = 0.2
oi = individual i’s outcome; 1 if outcome occurred; 0 if it didn’t
example: outcome occurred, oi = 1
errori = Ei = ri  - oi 
example: 0.2 -1 = -0.8
absolute errori = AEi = |ri  - oi| 
example: |0.2 -1| = 0.8
squared errori = SEi = (ri  - oi)2 
example: (0.2 -1)2 = (-0.8)2 = 0.64

Mean Error (ME) = ΣEi/N
Mean Absolute Error (MAE) = ΣAEi/N
Mean Squared Error (MSE) = ΣSEi/N

Algebraically, the ME also is R – P, where R is the mean risk assigned across the sample and P is the proportion of the sample with the outcome.  The ME ranges from –P (if R=0) to 1P (if R = 1) and provides a sense of whether the risk estimates tend to be too high or too low, but of course large overestimates can balance out large underestimates.  For example, the ME will be 0 if the risk model overestimates risk by 40% in 1/3 of the population and underestimates risk by 20% in 2/3 of the population.

Calculating ME, MAE, and MSE does not require dividing the population into risk groups, but as we have seen, creating a calibration plot does.  Also, dividing the population into risk groups allows us to decompose the mean squared error into two parts, calibration error and refinement loss.

Here are the formulas for the error, AE, and SE, if the population is divided into risk groups.   All members of a risk group are assigned the same predicted risk.

rk = predicted risk for group k 
Example: PolyANA rhigh = 0.25)
pk = proportion with outcome in group k
Example: phigh = 0.33)
[bookmark: _Hlk53923716]Ek = pk (rk - 1) + (1 -pk )( rk – 0)  = rk - pk
Example: 0.25 – 0.33 = -0.08
AEk = pk |rk – 1| + (1 -pk )|rk – 0|  = rk + pk - 2 rk pk
Example: 0.25 + 0.33 – 0.165 = 0.415
SEk = pk (rk - 1)2 + (1 -pk )( rk – 0)2  = (rk - pk)2 + pk(1- pk)
Example: (-0.08)2 + 0.33(1 -0.33) = 0.2275

fk = fraction of sample if group k
Mean Error = Σ(fk × Ek)
Mean Absolute Error = Σ(fk × MAEk)
Mean Squared Error = Σ(fk × SEk)

Here are the ME, MAE, and MSE for the three fictitious genetic labs.

Table 6.2 Mean Error, Mean Absolute Error, and Mean Squared Error for 3 fictitious labs predicting 5-year recurrence risk for mastate cancer[footnoteRef:1] [1:  We provide these to 4 decimal places only in case you want to check your work and make sure you got them exactly right.] 

	
	Mean Error
	Mean Absolute Error
	Mean Squared Error

	Bleakhaus
	0.1467
	0.3890
	0.1765

	AgnoSIA
	0.0033
	0.3220
	0.1620

	PolyANA
	-0.0700
	0.2667
	0.1583



The theoretical maximum (i.e., worst possible) MAE or Brier Score is 1, but that would require perfect reverse discrimination: assigning risk=0 to all outcome-positive individuals and risk=1 to all outcome-negative individuals.  More realistically, both MAE and Brier Score will vary between 0 and the larger of P and 1-P.  Some authors will say that the MAE varies between 0 and 2P(1-P) and the Brier Score varies between 0 and P(1-P).  This assumes that P is known at the time of the risk predictions so that the worst a model can do is predict risk = P in everybody as did AgnoSIA. AgnoSIA’s MAE = 2×0.2(1-0.2) = 0.32 and MSE = 0.2(1-0.2) = 0.16.  Note that these are clearly not the maximum possible values since Bleakhaus had higher MAE and MSE.
As AgnoSIA illustrates, if you have a good estimate for the overall proportion of the population who will have the outcome and simply use that as your risk estimate for each individual, your calibration will be perfect, at least in terms of the calibration plot and ME.  But the purpose of assessing risk is to improve decision making.  In our mastate cancer example, we are trying to decide who needs chemotherapy.  For this purpose, a risk model that does not discriminate between high- and low-risk individuals is useless.
Brier Score, Calibration Error, and Refinement Loss
In the formulas above, the error (E) for risk group k was given by
Ek = pk (rk - 1) + (1 -pk )( rk – 0)  = rk - pk
and the squared error (SE) for risk group k was given by
SEk = pk (rk - 1)2 + (1 -pk )( rk – 0)2  = (rk - pk)2 + pk(1- pk)
There are alternative names for everything.  
The error E is also called the bias.
Ek = rk - pk = Biask
We define a new quantity, the refinement loss for group k.
RLk= pk(1- pk)  = Refinement Loss for group k
So the squared error (SE) is also given by

SEk = (rk - pk)2 + pk(1- pk) = (Biask)2 + RLk

We can average Biask2 and RLk over all the groups and call the averages Calibration Error and Refinement Loss:

fk = fraction of sample if group k
Calibration Error =  Σ(fk × Biask2) (aka Reliability-in-the-Small)
Refinement Loss = Σ(fk × RLk) (aka Sanders Resolution)

And the average of the squared error, SEk, over all groups is also called the Brier Score, or more specifically the Sanders-modified Brier Score, since the predicted risk rk applies to all members of the group.  The Calibration Error is also called "Reliability-in-the-Small" and Refinement Loss is also called "Murphy Reliability".

As we said, there are alternative names for everything.

Σ(fk × SEk) = Σ(fk × Biask2) + Σ(fk × RLk)
Brier Score = Calibration Error + Refinement Loss

Like the AUROC, the refinement loss is a measure of discrimination.  The AUROC does not depend on calibration, but it does require that the ranking be correct in the sense that a higher risk group should have a higher proportion with the outcome.  Otherwise, we get an S-shaped ROC curve where the slope starts off flat, steepens, and then flattens again[footnoteRef:2], and the AUROC is uninterpretable.  The expression for a group’s refinement loss, RLk = pk(1- pk), does not contain the predicted risk rk, and unlike the AUROC, it doesn’t even depend on ranking.  RLk = 0 when pk = 0.0 or 1.0 and is maximum at 0.25 when pk = 0.5.  In other words, it penalizes the grouping based on its distance from being homogeneous with respect to outcome.  pk(1- pk) is also the sample variance of the binary outcome in group k, which makes √ pk(1- pk) = sk the sample standard deviation.  Which brings us to the squared error (SEk) as the Pythagorean sum of Biask and sk: [2:  Or it could start out steep, flatten out, and get steep again.  Either way, the LR does not decrease monotonically from higher risk to lower risk and the AUROC does not have the same meaning.] 


SEk = Biask2 + sk2

In some sense, the error is the combination of two orthogonal quantities, bad calibration and poor discrimination.
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Based on this figure and the very small values typical of the Brier Score, we favor reporting its square root, the root mean square error (RMSE).  Here are the values for the three fictious genetic labs.

	 
	RMSE = √Brier Score
	Brier Score
	√Calibration Error
	Calibration Error
	√Refinement Loss
	Refinement Loss

	Bleakhaus
	0.42
	0.1765
	0.15
	0.0231
	0.39
	0.1534

	PolyANA
	0.40
	0.1583
	0.07
	0.0050
	0.39
	0.1534

	AgnoSIA
	0.40
	0.1618
	0.00
	0.0000
	0.40
	0.1618



We don’t find comparing Brier Scores or their square roots very informative and recommend comparing calibration plots, ROC curves, and net benefits (stay tuned).  But the table above does correctly reflect that the difference between Bleakhaus and Polyana is worse calibration and the entire problem with AgnoSIA is refinement loss.

The general idea that model error consists of a combination of bias and variability will become important when we talk about over-fitting.
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