CRITERIA F¢ STIMATORS

2.1 INTRODUCTION

Chapter 1 posed the question, What s 1 “good” estimator? The aim of this chap-
fer s to answer that question by describing a number of criteria that ecconemetri-
ctans fecl are measures of “goodness.” These criteria are discussed under the
following headings:

(1 Computational cost
(2) Least squares

{3} Highest R-

(4)  Unbiasedness

(5) Efficiency

(6} Mean squarc ervor

(7)  Asympiotic praperties
{¥)  Maximum likelihood

Since econometrics can be characterized as a search for estimators satisfying one
or more of these criteria, care is taken in the discussion of the criteria to ensure
that the reader understands fully the meaning of the different criteria and the ter-
minology ussociated with them. Muany fundamental ideas of ceonometrics, crifi-
cal to the question, What’s econometrics all about?, arc presented in this
chapter.

2.2 COMPUTATIONAL COST

To anyone, but particularly to economists. the exira benefit associated with
choosing one estimator over another must be compared with its cxtra cost,
where cost refers 10 expenditure of both moncy and elfort. Thus, the computa-
tional ease and cost of using one estimator rather than another must be taken into
account whenever selecting an estimator, Fortunately, the cxistence and ready
availability of high-speed computers, along with standard packaged routines for
most of the popular estimators, has made computational cost very low. As u

result, this criterion does not play as strong o role as it once did. lts ini‘lucmnl: Is
now felt only when dealing with two kinds of estimators. One is 1he case pf an
atypical estimation procedure tor which there does not exist a rc.:adl!y ;1.»’znlablc
packaged computer program and for which the cost of programming is high. The
second 15 an estimation method for which the cost of running a packngcd pro-
gram s high because it needs large quantities of computer time: Eth.CULI]d
occur, for example, when using an iterative routine to find parameter estimates
for a problem involving several nonlinearities.

2.3 LEAST SQUARES

For any set of values of the parameters charactenizing a relationship, esumated
values of the dependent variable (the varable bemg expluined) can be calculated
using the values of the independent variubles (the explaining variablesy in the
data set, These estimated values (called vy of the dependent variable can be sub-
tracted from the actual values {v) of the dependent variable in the data set
preduce what are called the residiads (v — 7). These residuals could be thogglln
of ag estimates ol the unknown disturhances inherent in the data set. This is
llustrated in ligure 2.1. The line labeled + is the estimated relationship carre-
sponding to a speeific set of values of the unknown parameters. Thg dots Tepre-
sent actual observations on the dependent variable v and the independent
variable x. FEach observation is a certain vertical distance away [rom the estimat-
ed line, as pictured by the double-ended arrows. The lengths of these double-
ended arrows measure the residuals. A different sct of specific values ot the
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Figure 2.1 Minimizing the sum of squared residuals



parameters would create a difterent estimating line und thus a different set of

residuals.

It scems nutural to ask that a “good™ estimator be one that generates a set off

estimates of the parameters that makes these residuals “small,” Controversy arises,
however, over the appropriate definition of “smyall ™ Although it is agreed that the
estimator should be chosen to minimize a weighted sum of all these residuuls, full
agreement as to what the weights should be does not exist. Tor example, those
teeling that all residuals should be weighted equally advocate choosing the estima-
tor that minimizes the sum of the absolute values of these tesiduals. Those feeling
that large residuals should be avoided advocate weighting larger residuals more
hcavily by choosing the estimator that minimives the sum of the squared values of
these residuals. Those waorried about misplaced decimals und other data crrors
advocate placing a constant (sometimes zero) weight on the squared values of par-
tcularly large residuals. Those concerned only with whether or not a residual is
bigger than some speciticd value suggest placing a zero weight on residuals small-
er than this critical value and a weight equal to the inverse of the residual on resid-
uals targer than this value. Clearly a large number of alternative definitions could
be proposed. cach with appealing features.

By far the most popular of these definitions of “small™ is the minimization of
the sum of squared residuals. The estimator generating the set of values of the
parameters that minimizes the sunt.of squared residuals 15 called the ordinary
feast squares estimator, It is referred to as the OLS estimator and is denoted by
BY in this book. This estimator is probably the most popular estimator among
rescarchers doing cmpirical work, The reason for this popularity, however, doeg
not stem from the fact that it makes the residuals “small™ by minimizing the sum
ol squared residuals, Many econometriciuns are leery of this criterion because
minimizing the sum of squared residuals does not say anything specific about
the relationship of the cstimator to the true parameter value 3 that it is estimat-
ing. In fact, it s possible to be 100 successtul in minimizing the sum of squared
residuals, accounting for so many unique features of that particidar sample that
the estimator loses its general validity, in the sense that, were that estimator
applied to a new sample, poor estimates would result. The great popularity of
the QLS estimator comes from the [aet that in some estimating problems (but
not all!) it scores well on some of the other eriteria, described below, that are
thought to be of greater importance. A secondary reuson for its popularity Is its
computational ease: all computer packages include the OLS estimator for lincar
relationships. and many have routines for nonlinear cases.

Because the OLS estimator is used so much in cconometrics, the characteris-
tics of this estimator in different estimating problems are explored very thor-
oughly by all cconometrics texts. The O1 .S estimator a/wars minimizes the sum
of squarcd residuals; but it daey rot always meet other criteria that econometri-
c1uns feel are more important. As will become clear in the next chapter, the sub-
Ject of econometrics can be characterized as an attempt 10 find alternative
estimators to the OLS estimator for situations in which the OLS estimator does

not meet the estimating eniterion considered to be of greatest importance in the
problem at hand.

2.4 HIGHEST R?

A statistic that appears frequently in cconometrics is the coelficient of dct_ermi—
pation, R 1t is supposed to represent the proportion of the vnriutiun i the
dependent vaniuble “explained” by variation in the independent \funabl-cs. It does
this in a meuningful sense in the case of a linear relationship estimated by
OLS. In this case it happens that the sum of the squared deviations of the depen-
dent variable about its mean (the “total™ variation in the dependent variable) can
be broken into two parts. culled the “explained™ variation (the sum of squared
deviations of the estimated values of the dependent variable around their mean)
and the “unexplained™ vuriation (the sum of squared residuals). R is measqrcd
either as the ratio of the “cxplained™ variation to the “total” variation or, equiva-
lently, as 1 minus the ratio of the “unexplained™ variation o the “total” v-urm-
tion, and thus represents the percentage of variation in the dependent variable
“explained™ by variation in the independent varjables.

Because the OLS estimater minimizes the sum of squared residuals (the
“unexplained™ viriation). it amomaticatly maximizes R Thus maximiza[iou of
R?, as a eriterion for an estimator. is formally identical to the least SQUATES Crite-
rion, and us such it really does not deserve a separate scction in this chupter. It. is
given a scparate section for two reasons. The first 1s that the formal 1dcnt1t_v‘
between the highest RY criterion and the least squares criterion is worthy of
emphasis. And the second is 1o distinguish clearly the difference between apply-
ing R? as a criterion in the context of searching for a “good™ estimator when lf.]L‘
functional form and included independent variables are known. as is the casc in
the present discussion. and using R? 1o help determine the proper funcliunal\
form and the appropriate independent variables to be included. This latter use of
RY, and its misusc, are discussed later in the hook (in scettons 5.5 and 6.2).

2.5 UNBIASEDNESS

Suppose we perform the conceptual expenment of taking what is called a
repeated sample: keeping the values of the independent variables unchanged, we
obtatn new ohservations [or the dependent variable by drawing a new set of dis-
turbances. This could he repeated, say. 2,000 times, obtaining 2.000 of these
Tepecated samples. For each of these repeated sumples we could use an estimator
B* to calculate an estimate of B. Because the sumples ditfer, these 2,000 esti-
mates will not be the same. The manner in which these cstimates are distributed
ts called the sumpling distribution of B*. Thrs 1s illustrated for the onc-dimen-
sional case in figure 2.2, where the sampling distribution of the estimator is
labeled f(R*). It is simply the probability density function of 3*. approximated



density

Estimator
(= Eg*} of 4

Figure 2.2 Using the sampling distribution to illustrate bias
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15 crucial o an understanding of econamet-

ries, Appendix A at the end of this hook discusses sampling distributions at greater
length. Most eslimators are adopted because their sampling distributions have
“good” propertics; the criteria discussed in this and the following three sections
are directly concerned with the nuture of an cstimator’s sampling distribution,

The first of these Properties is unbiasedness. An estimator 3% is said 10 he an
unbiased estimator of B il the mean of jis sampling distribution s equal to 3.
re., if the average value of B* ip repeated sampling g B. The mean of the sam-
pling distribution of B* is called the cxpected value of B* and iy written £+
the bias of 3% 5 )¢ difference between LB* and B. In figure 2.2, 3% is secn 10
be unbiased, whereny B has a bias of size (EB - B The propenty of unbiused-

ness does not mean that B*=pit says only that, if we couid undertake repeat-
ed sampling an infinite nuember of times, we would get the correet estimate an
the average ™
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2.6 EFFICIENCY
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Figure 2.3 Using the sampling distribution to illustrace
efficiency
additional constraint accompanying the minimum vanance criterion is that the
estimators under consideration be unbiused. the estimator is referred 1o as the
hest unhiased estimator,

Unfortunately. in many cases 1t is impossible to determine mathematically
which estimator. of all unbiased estimators, has the smallest variance. Becuuse
of this problem, econometricians frequently add the further restriction that the
estimatar be a finear function of the cbservations on the dependent vanable.
This reduces the task of finding the efficient estimator o mathematically man-
ageable proportions. An estimator that is linear and unbiased and that has mini-
mum variance among all linear unbiased estimators is called the best lnear
unhiased estimator (BLUL). The BLUE is very popular among econometricians,

This discussion of minimum variance or efficiency has been implicitly under-
taken in the context of u unidimensional estimator, i.e.. the cuse in which 3 is a
single number rather than a vector containing several numbers. In the multidi-
mensional case the varanec of B becomes a matrix called the variance—covari-
ance matrix of 3. This ereates special problems in determining which estimator
has the smallest variance. The technical notes to this seetion discuss this further,

2.7 MEAN SQUARE ERROR (MSE)

Using the best unbiased criterion allows unbiasedness o play an extremely
strong role in determining the choice of an estimator, since only unbiased esti-
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Figure 2.4 MSE trades off bias and variance

mators arc considered. It may well he the case that, by restricting attention Lo
only unhiased estimators, we are ignoring estimators that are only slightly biuased
but have considerably lower variances. This phenomenon is illustrated in figure
2.4, The sampling distnbution of B. the best unbiused estimator. is labeled FB).
B* is a biased estimator with sampling distribution f{[3*}. It 1s apparent from fig-
ure 2.4 that. althouoh F(B*)y is not centered over (., reflecting the buas of B*, it is
“narrower’ than_l(B indicating 4 smaller variance, It should be clear from the
diagram that most researchers would probably choose the biased estimator B* in
prefercnee to the best unbiased estimator B
This trade-off between low bias and low variance is formalized by using as a cri-
terion the minimization of a weighted uverage of the bias and the vanance {i.e.
choosing the estimator that minimizes this weighted average). This is not a viable
formalization, however, because the hias could be nepative. One way to correct for
this is to use the absolute value of the bias: a more popular way is to use its squarc.
When the estimatar is chosen 50 as to minimize a weighted average of the variance
and the square of the bius, the estimator is said to be chosen on the welghted square
error criferion. When the weights are equal, the criterion 15 the popular mean
square error (MSE) criternion. The popularity of the mean square error criterion
comes from an alternative derivation of this criterion: it happens that the expected
value of a loss funclion consisting of the square of the difference between B and its
estimate (1.c., the square of the estimation crror) 15 the same as the sum of the vari-
ance and the squared bias. Minimization of the expected value of this loss function
makes good intuitive sense as a criterion for choosing an estimator.



In practice. the MSE criterion is not usnally adopted unless the best unhiased

criterion 15 unable to produce estimates with small variances. The problem of

multicollinearity, discussed in chapter 11, is an example of such a situation.
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2.8 ASYMPTOTIC PROPERTIES

The estimator propertics discussed in scetions 2.5, 2.6 and 2.7 above relate to
the rature of an estimator’s sampling distribution. An unbiased estimator, for

example, is one whose sampling distribution is centered over the true value of

the parameter being estimated. These properties do not depend on the size of the
sample of data at hand: an unbiased estimator, for example, is unbiased in both
small and large samples. In many econometric problems, however. it is impossi-
ble to find estimators possessing these desirable sampling distribution propertics
n small samples. When this huppens. as it frequently does, econometricians may
Justuty an estimator on the basis of its ayympiaric propertics — the nature of the
estimator’s sampling distribution in extremely large samples.

The sampling distribution of most estimators changes as the sample si7e
changes. The sample meun statistic, for example, has u sampling distribution
that 1s centered over the population meun but whose variance becomes smaller
as the sumple size becomes larger. In many cases it happens that a hiased esti-
mator becomes less and less biased as the sample size becomes larger and larger
— as the sample size becomes larger its sampling distribution changes. such that
the mean of its sampling distribution shifts closer to the true value of the para-
meter being estimated. Econometricians bave [ormalized their study of these
phenomena by structuring the concept of an asvmpiotic distribution and defining
desirable asymptotic or “large-sumple propertics™ of an estimator in terms ol the
character of its asymptotic distribution. The discussion below of this coneept
and how it is used is heuristic {and not technically correct); a more formal CXpo-
sition appears in appendix C at the end of this book.

Consider the sequence of sampling distributions of an cstimator 3. formed by

calculating the sampling distribution of 3 for successively larger sample sizes, IF

the distributions in this sequence become more and more similar in form to
some specific distribution (such as a normal distribution) as the sample size
becomes extremely large, this specific distribution is called the asymptotic dis-
tribution of 3. Two basic cstimator properties are delined in terms of the asymp-
totic distribution,

(1) If the asymptotic distribution of 3 becomes concentrated on a particular
value & as the sample size approaches infinity. 4 is said to be the probability
limit of (§ and is written plim B = & if plim i = B3, then B is said to he
consisteni,

{2) The variance of the asymptotic distribution UFB is called the asvmpfotic
variance of B; if B is consistent and its asymptotic variance is smaller than
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Figure 2.5 How sampling distribution can ¢hange as the
sample size grows

the asymptotic variance of all other consistent estimators, B is said 1o be
asymptotically efficient.

At constderable risk of oversimplification, the plim can be thought of as the
large-sample equivalent of the expected value, and so plim 8 = [3 is the large-
sample equivalent of unbiasedness. Consistency can he crudely conceptualized
as the large-sample equivalent of the minimum mean square error property,
since a consistent estimator can he {loosely speaking) thought of as having, in
the limit, zero bias and a zero variance. Asymptotic efficiency is the large-sam-
ple equivalent of best unbiascdness: the variance of an asymplotically efficient
estimator gocs to zero faster than the variance of any other consistent estimator.

Figure 2.5 illustrates the basic uppeal of asymptotic properties. For sample
size 20, the sampling distribution of $* is shown as f{B*),,. Since this sampling
distribution is not centered over [. the estimator B* is biased. As shown in fig-
ure 2.5, however, as the sample size increases o 40, then 70 and then 100, the
sampling distribution of B* shifts so as (o be more closely centered over B {i.e..
it becomes less hiased), and it becomes less spread out (ie., its variance
becomes smaller). I B* were consistent, as the sample size inercased to infinity



the sampling distribution would shrink i width to a single vertical line, of infi-
nite height, placed exuctly at the point (3.

[t must be emphasized that these asympiotic eriteria are only employed in sit-
uations in which estimators with the truditional desirable small-sample proper-
tres, such as unbiasedness, hest unbiasedness and minimum mean SORNLLEE QrTar.
cinnot be found. Sinee cconometricians quite often must work with small saimn-
ples. defending esumators on the basis of their asymptotic propertics is legini-
mate only if it is the case that estimutors with desirable asymptotic propertics
have more desirable small-sample properties than do estimators without desir-
able asymplotic properties. Monte Carlo studies (see seetion 2,103 have shown
that in general this supposition is warranted.

The message of the discussion above is thal when estimators with attractive
small-sample properties cannot be found one may wish to choose zn estimatar
on the busis of its large-sumple properties. There is an additional reason for
interest in asymptotic properties. however, of equal importance. Often the
derivation of small-sample properties of an cstimator is algebraically intractable,
whercas derivation of large-sample properties is not. This is because. us
explained in the technical notes, the expected value of a nonlinear function of a
slatistte is not the nonlinear function of the expected value of that statistic,
whercas the plim ol a nonlinear function of a statistic is cqual 10 the nonlincar
function of the plim of that statistic:

These two features of asymptatics give rise to the following four reasons for
why asymptotic theory has come to play such a prominent role in econometrics.

{1} When no estimator with desirable small-sumple properties can be found. as
is oflen the case, econometricians are forced 1o choose estimators on the
basis of their asymptotic properties. As example is the choice of the OLS
estimator when a lagged value of the dependent variable serves as a regTes-
sor. See chapter 9.

(2} Small-sample propertics of some estimators are extraordinarily difficult to
culeulate, in which case using asymptotic algebra can provide an indication
of what the small-sample propentics of this estimator are likely to be. An
example is the plim of the OLS estimator in the simultaneous cquations
context. See chapter 10.

(3) Formulas bascd on asymptotic derivations are useful approximations to for-
mulas that otherwise would be very difficult to derive and cstimate. An
example 1s the formula in the technical notes used to estimate the variance
of a nonliear function of an cstimator.

4)  Many useful estimators and test statistics may never have been found had it
not been for algebraic simplifications made possible by asymplotic algchra.
An example 15 the development of LR, W and LM test statistics [or tesling
nonlincar restrictions. Sce chapter 4.

Values of x

Figure 2.6 Maximum likelihcod estimation

2.9 MAXIMUM LIKELIHOOD

The maximum likelihood principle of estimation is based on the idea that the
sample of data at hand is more likely to have come from a “real world” c‘harac-
terized by one particular set of purameter values than from a “real wor_ld’ ‘chur-
acterized by any other set of pauramcter values. The maximum likelihoed
estimale {MLE) of a vectar of parameter values B 1s simply the particular vector
BMLE that gives the greatest probability of obtaining the observed data. .

This idca is illustrated in figure 2.6. Fach of the dals represents an (Jbservahon_
on x drawn at random from a population with mean . and variance u”. Pair A of
parameter valucs. i and {o)*, gives rise in figure 2.6 to the probability dens@ty
function A for x, whilce the pair B. " and (a”)®, gives risc to probability density
function B. Inspection of the diagram should reveal that the probability ofjhax_'-
ing obtained the sample in guestion if the parameter values were p* und ((r.*)”‘ is
very low compared with the probubility of having obtained the samplc if 1h.e
parameter values were u" and (¢©)®. On the maximum likelihood prinmp]g pair
B is preferred to pair A as an estimate of p and o, The maximum likehhood
estimate is the particular pair of values pM** und (o')*'F that creates the greatest
probability of having abtained the sample in guestion; 1.e., no other pair of _val-
ves would be preferred to this maximum likelihood pair, in the sense that pair B
is preferred to pair A. The means by which the cconometrician finds this maxi-
mum likelihood estimate is discussed bricfly in the technical notes to this sec-
tion,

In addition to its intuitive appeal. the maximum likelihood estimator has sev-
eral desirable asymptotic properties. It is asymptotically unbiased, it is consis-
tent, 1t is asymptotically cfficient, it is distributed asymptotically normally, and
its asymptotic variance can be found via a standard formula (the Cramer-Rao
lower bound  sec the technical notes to this section). Its only major theoretical
drawback is that in order to calculate the MLLE the econometrician must assume



a specific (e, normal) distribution for the error term. Most economelricians
seem willing to do this.

These properties make maximum likelihood estimation very appealing lor sit-
uations i which it s impossible to find estimators with desirable small-sample
properties. a situation that arises all too often in practice. In spite of this, how-
ever, until recently maximum likelihood estimation has not been popular, mainly
because of high computational cost. Considerable algebraic mampulation s
required before estimation, and most types of MLL problems require substantial
input preparation for available computer packages. Bul cconometricians” atti-
tudes to MLLEs have changed recently, for several reasons. Advances in comput-
ers und related software have dramatically reduced the computational burden.
Many interesting estimation problems have heen solved through the use of MLE
techniques. rendering this approach more usetul (and in the process advertising
its propertics more widely). And instructors have been teaching students the the-
oretical aspects ot MLLE techniques, enabling them to be more comfortable with
the algebraic manipulations it requires.

2.10 MONTE CARLO STUDIES

A Monte Carlo study is a simulapion exercise designed to shed light on the
small-sample properties of competing estimators for a given estimating problein.
They are called upon whenever, tor that parucular problem, there exist
potentially attractive estimators whose small-sample properties  cannot be
derived theoretically. Estimators with unknown small-sample propertics arc con-
tinually bemng proposed m the cconometric literature, so Monte Carlo studies
have become quite common, especially now that computer technology has made
their undertaking quite cheap. This is one good reason for having a good under-
standing of this technique. A more important reason is that a thorough under-
standing ol Monte Carlo studies guarantees an understanding of the repeated
sample und sampling distribution concepts, which are crucial to an understand-
ing of cconometrics. Appendix A at the end of this book has more on sampling
distributions and their relation to Monte Carle studies,

The general 1dea behind a Monte Carlo study 1s to (1) model the data-generat-
ing process, (2) generate several sets of artificial data, (3) employ these data and
an cstimator 1o create several estimates, and (4) use these estimutes (o gauge the
sampling distribution properties of that estimator. This is illustrated in figure 2.7
These four steps are described below.

(1) Model the data-generating process  Simulation of the process thought to
be generating the real-world data for the problem at hand requires building a
mudel for the computer to mimic the data-generating process., including its sto-
chastic component(s). I'or example, 1t could be specified that N (the sample size)
values of X, / and an error term generate & values ol ¥ oaccording to
Y= B+ BX A+ B+ el where the B are specifie, known numbers, the N val-
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Distribution of 8 Distribution of 3*

~N d

Figure 2.7 Structure of a Monte Carlo study

Estimate Sampling

Campare

ucs of X and Z are given, exogencus, observations on explanatory variables, and
the & values of & are drawn randomly from a normal distribution with mean zera
and known variance . (Computers are capable of generating such random error
terms.) Any speciul Features thought 1o charucterize the problem at hand must be
built into this model. For example, if 8, = B, then the values of B, and 3.
must be chosen such that this is the case. Or if the variance o~ varies from obser-
vation to observation, depending on the value of 7. then the error terms must be
adjusted accordingly. An important feature of the study is that all of the {usually
unknown) puramcter values are Anown to the person conducting the study
(because this person chooses these values).

~ (2) Create sets of data With a model of the data-generating process built
to the computer, artificial data can be created. The key 1o doing this is the sto-
chastic element of the data-generating process. A sample ol size N is created hy
obtaining A values of the stochastic variable £ and then using these values, in
conjunction with the rest of the model. to generate N values o Y. This vields one
Complete sample of size ¥, namely & observations on each of ¥, X and 7, corre-
Sponding to the particular set of N error terms drawn. Note that this urtificially
generated set of sample data could be viewed as an examiple of real-world data
that a rescarcher would be faced with when dealing with the kind of estimation
problem this model represents. Note especially that the set of duta obtained
depends crucially on the particular set of error terms drawn. A different set of



error terms would create a different data set for the same problem. Several of

these examples of data sets could be created by drawing different sets of ¥ error
terms. Suppose this is done, say, 2.000 times, generating 2,000 sct of sample
data, each of sample size V. These arc called repeated samples.

(3) Calewlate estimates  Each of the 2,000 repeated mmplcs can be used as
data for an estimator B,. say, creating 2,000 estimated B (i— 1,2, . 2,000
of the parameter 3., These 2,000 estimates can be viewed as r'mdom drames
from the sampling distribution of B

(4) Estimate sampling distribution properties These 2,000 drawings from
the sampling distribution of #, can be used as data to estimate the properties of
this sampling distribution. The properties of most interest are ifs cxpected vatue
and variance, estimates of which can be used to estimate bias and mean square
CrTor.

{a) The expected value of the sampling distribution of 3, is estimated by the
average of the 2,000 estimates:
o
estimated expected value = [ = ( S B, 72,000,
i
{b)  The hias of B, is estimated by subtracting the known true value of 3, from
the average:

estimated bias = ["3; - B.

(¢)  The variance of the sampling distribution of B is estimated by using the
traditional formula for estimating variance;
RELAH)
estimated variance= ™ (B, — [3,)*/1.999.
=1
(d)  The mean square error of B, is estimated by the average of the squared dif-
ferences between [3, and the true value of B
2.y
estimated MSE = > (8,

— B)Y2.000.

At stage 3 above an alternative estimator B* could also have been used to caleu-
late 2,000 estimates, I so, the propertics of the sampling distribution of p¥
could also be estimated and then compared with those of the sampling distribu-
tion of B,. (Here 8, could be, for example, the ordinary least squares estimator
and B¥ any competing cstimator such as an instrumental variable estimator, the
least absolute error estimator or a peneralized least squares estimator. These esti-
mators are discussed in luter chapters.) On the basis of this comparison, the per-
son conducting the Monte Carlo study may be in a position to recommend one
estimator in preference to another for the sample size . By repeating such a
sludy for progressively greater values of N, it s possible to investigate how
quickly an estimator attains its asymptotic propertics.

2.t} ADDING UP

Because in most estimating situations there does not exist a “super-estimator” that
is better than all other estimators on all or even most ot these {or other) criteria, the
ultimate chotce of estimator s made by forming an “overall judgement™ of the
desirableness of each available estimator by combining the degree to which an
estimator meets each of these criteria with a subjective (on the part of the econo-
metrician) evaluation of the mportunce of cach of these crteria. Sometiunes an
econometrictan will hold a partculur ¢nterion 1o very high esteem and this will
determine the estimator chosen (1t an estimator mecting this criterton can be
found). More typically, other criteria also play a role on the econometnclan’s
choice of estimator, so that. for example. only estimators with reasonable compu-
tattonal cost are considered. Among these major criteria, most attention scems to
be paid to the best unbiased criterion. with occasional deference to the mean
square error criterion in estimating situations in which all unbiased estimators have
variances that are considered too Tarpe, If estimators meeting these criteria cannot
be found, as 15 ofien the case. asymptotic criteria are adopted.

A major skill of cconometricians is the ability to determine estimator proper-
ties with regard to the eriterna discussed in this chapter. This s done either
through theoretical derivations using mathematics, part of the technical expertse
of the econometrician, or through Mente Carlo studies. To derive estimator
properties by either of these means, the mechanism gencrating the observations
must be known; changing the way in which the observations are generated ere-
ates a new estimating problem, in which old estimators may have new properties
and for which new estimators may have to be developed.

The OLS estimator has a special place in all this. When faced with any esti-
mating problem, the cconometric theorist usually checks the OLS estimator first,
determining whether or not it has desirabic propertics. As seen in the next chap-
ter, in some circumstances it does have desirable properties and 1» chosen as the
“preferred™ estimator, hut in many other circumstances it does not have desir-
able properties and a replacement must be found. The econemetrician must
investigate whether the circumstances under which the QLS estimator is
desitable are met, and. if not, suggest appropriate altemative estimators.
(Unfortunately. in practice this is toa often not done, with the QLS estimator
being adopted without justification.) The next chapter explains how the ccono-
metrician orders this investigation,

GENERAL NOTES

2.2 Computational Cost

* Compurational cost has been reduced significantly by the development ol extensive
computer software for cconometricians. The more prominent of these are ET.



GALSS, LIMDEP, Micto-FIT, PC-GIVE., RATS. SAS. SITAZAM. SORITHC, §PSS.
and TSP The dowrnal of Applicd Economotics and the Jowrneal of Econontic Strvers
both publish soltware reviews regularly. All these packages are very comprehensive,
encompassing maost of the econometric eehniques discussed in extbooks. For appli-
calions they do not cover, in most cases specialized programs exist. These packages
should only be used by those well versed in cconomeltric theary, however, Misleading
or even erroneous resulls can casily be produced if these packages are used without o
full understanding of the cireumstances in which they are applicable, their inherent
assumptions and the nature of their output: sound research canmot be produced merely
by feeding data 1o a computer and saymg SHAZAM.

Problems with the aceuracy of computer caleulations are ignared in practice, but can
be considerable. Sce Algner (1971, pp. 99 101 and Rhodes ¢ 1975). Quandt (1983) is
a survey of computational problems and methods in cconometrics.

2.3  Least Squares

Experiments have shown that OLS estimates tend to correspond to the average of lay-
men’s “frechand”™ atiempts to 6t s line to a seatter ol data. See Mosteller et al, (19813,
In figure 2.1 the residuals were measured as the vertical distunces from the observa-
tons o the estimated line. A natural alternative o this vertical measure js the orthogo-
nal measure - the distance from the ohservation to the estimating line along a line
perpendicular to the estimating line, This in frequently seen alternative is discussed in
Malinvaud {1966, pp. 7 11 it is sometimes used when medasurenment crrors plague
the data, s discussed in section 9.2

2.4 Highest R?

R* is called the cocfficient of determination. 1t is the square of the correlation cocffi-
cient between 1-and its QLS estimate i

The rotal variation of the dependent variuble voabout its mean. 200 - FPL s called
58T (the total sum of squares); the “explained” variation. the sum of squared devia-
tions of the estimated values of the dependent variable about their mean, (- s
called SSR (1he regression sum of squares); and the “uncxplained™ variation. the sum
of squared residuals, is called SSE (the error sum of sguares). R? is then given by
SSRISSTor by 1 - (SSEZSSTY.

What is a high R™? There is no generally accepted answer to this question. In dealing
with time series data, very high R's are not unusual, because of cemmon trends. Ames
and Reiter {1961) found, for example, that on average the R of a relationship between
a randemly chosen variable and its own value lagped one period is about 0.7, and that
an R in excess of 0.5 could he obtained by selecting an cconomic time series and
regressing i against two 19 six other randomly selected ceonomic time serics. For
cross-sectional data, typical Rs are nol nearly so high.

The OLS estimator maximizes RE. Sinee the R measure is used as an index of how
well an estimator “fits” the sample data, the Q1S estimator 15 often called the “hest-
fitting” estimator. A high R? s often called a Trood fit”

® Because the R and OLS criteria ure formaily identical, objections to the latter apply

to the lormer. The most freguently voiced of these s that searching Tor a gomlrlh ih,
Jikely to gencrate parameter estimates tailored 1o t_hc pn‘rt'wular sample al h‘un{ullhc‘l‘
than to the underlying “real world.™ Further, a mg]l R- IS o1 necessary for “pood
estimates; R° could be low because of g high varianee of the dlsturh.ancc terms, and
our estimate of 5 could be “good™ on other criteria, such as those discussed Later in
this chapier. - . o
The ncat breakdown ol the 1otal variation mto the “cxpiumgd. gnd "‘uncxplulncd
variations that allows meaningtul interpretation of the R- statistic is \"'él]ld 0[‘11}" under
three conditions. First, the estimator in guestion must he thc\()lff estimalor. ?ycumd.
the relationship being estimated must be lincar, Thus Ihg R nl'allsllc only gives the
percentage of the variation in the dependent v‘urmblc cxp]amgd hm.’cu'h' hy.' variation 1f1
the independent variables. And third, the linear rcl:mo)rmhap Ibcmg estimated must
include 4 constant, ot intereept, term. The formulas for R can still be used [T) czllculu?c
an R? lor cstimators other than the Q1.8 estimator. for nonlincar cascs an.d for cases in
which the intereept ternt is omitted; it can no longer have the same meaning, h_owm‘cr.
and could possibly lic outside the 0- 1 interval. The zero imcrccp} cast is discussed
at length in Adpner (1971, pp. 85 90} An alternative R? measure, in whtch thc. varta-
tions ‘i-l‘l vand ¥ are measured as deviations from zero rather (han their means. is sug-
gested. . ‘ ]
Running a regression without sn miercept is the most common way of ghta_lnmg an R‘
outside the 0 | range. Lo see how this could happen, draw a scatter of pmmys n (v
space with an estimated OLS line sueh that there is a substantial intercepl. \m.v .dr;m
in the OLS line that would be estimated it it were forced to go through the origin. In
both cascs 55T is identical {because the samie observations are usedy. But in the sce-
ond case the S8£ and the 55K could be gigantic. because the £s and the (i 1) t‘(ju.lFi
be huge. Thus if R is culeulated as | - SSE/SST. a negative number could result; if it
is calculated as S58/557, a number preater than one could result, .

R? is sensitive to the range of variation of the dependent variable, so that comparisons
of R% must be undertaken with care. The favorite example used 1o illustrate this is the
case of the consumption function versus the savings function. [f Sa\.filllgs s d.eﬁ.ned as
income less consumption, income will do exactly as well in explaining variations m
consumption as in explaining vanations in savings, in the sense Lha! the sum ol
squared residuals, the unexplained variation, will be exactly the same for each case.
But in jrercenrage torms, the unexplained variation will be a higher percentage of the
variation in savings than of the variation in consumption because the latter are larger
numbers. Thus the R in the savings function case will be lower than in the consump-
tion function casc. This reflects the result that the expected value of R is approxi-
mately equal to BFARYY + o) where Fis X(x  §)%

In general, cconometricians are interested in abtaining “good” paramctcrﬁc.smnmes‘
where “good” is not tefined in terms of RY. Consequently the measure 'R' 15 not of
much importance in cconometrics. Unfortunately, however, many practitioners acl as
though it is important, lor reasons that are not entirely ¢lear, as noted by Cramer
(1987, p. 253y

These measures of goodness of fit have a futal attraction. Aithough it is generally conced-
ed among insiders that they do not miean a thing. high values are still a source of pride
and satisfuction to their authors, however hard they may try ta conceal these teehings.



Because of this, the meaning and role of R are discussed a1 some length throughous
this book. Section 5.5 and its general notes extend the discussion of this section,
Comments are ofivred in the general notes of other sections when appropriate. For
cxample, one should be aware that RY from two equations with diflerent dependent
variables should not be compared, and that adding dummy variables (to capture sca-
sonal influences, for example) can inflate R7, and that regressing on group means
overstates R beeause the error terms have been averaged.

2.5 Unbiasedness

In contrast 1o the OLS and R? criteria, the unbiasedness criterion (and the other eriteria

r¢lated to the samphing distribution) says something specific abowt the relationship of

the estimator to B. the parameter being estimated,

Many ccanometricians are not impressed with the unbiasedness criterion., as our laler
discussion of the mean square error criterion will attest. Savage (1954, p. 244) pocs so
[ar as to say: "A serious reason o prefer unbiased estimates seems never 1o have been
proposed.” This feeling prabably stems fram the (act that it is possible to have an
“unlucky™ sample and thus a bad estimate. with only cold comfort from the knowl-
edpe that, had all possible samples of that size been taken, the correct estimate would
have been hit on average. This is especially the case whenever a erucial outcome, such
as in the case of a matter of life or death. or a decision 1o endertake a huge capital
expenditure. hinges on a single cerrect estimate. None the less, unbiasedness has
enjoyed remarkable popularity amony practitioners. Part of the reasen for this may be
due to the emotive content of the terminology: who can stand up in public and state
that they prefer iused cstimators?

The main objection to the unbiasedness criterion is summarized nicely by the story of
the three cconmometricians who go duck hunting. The first shoots about a Tool in (ront
of the duck, the second ubout a foat behind; the third vells. “We got him!™

2.6 Efficiency

Often econometricians forget that although the BLUE property is aftractive, its
requirement that the eslimator be linear can sometimes be restrictive. If the errors
have been generated from a “fat-tailed™ distribution. for example, so that relatively
high errors oceur frequently, linear unbiased estimators are inferior o several popular
nonlinear unbiased estimators, called robust estimators. Sce chapter 19,

Linear cstimators are not suitable for all estimating problems. For example. in estimat-
ing the variance o7 of the disturbance term, quadratic estimators are mare appropriate.
The tradinonal formula SSEAT - K ). where 7 is the number of observations and &K is
the number of expianatory variables (including a constanty, is under general condi-
tions the best quadratic unhiased estimator of o, When K does not include the con-
stant {inlercept) term, this formula is written as SSE(7 K - 1)

Althaugh in many instances it is mathematically impossible to determine the best
unbiased estimator (a3 opposed to the hest /irear unbiased estimator), this is not the
case il the specifie distrsbution ol the error is known. In this instance a lower bound,
called the Cramer Ruo lower bound, for the variance (or variance -covariance matrix )

of unbiased estimators can be calculsed. Furthermore, 1f this lower hound 15 attamed
{which is not always the casc). it s attained by a transtormation ot the muaximum like-
lihood estimator (see section 2.9} creating an unbiased estimator. As an example, con-
sider the sample mean statistic .Y, ts variance. /7, f\ cqual to the Cramer Rao lower
bound if the parent population is normal. Thus ¥ is the best unbuased cstimator
{whether lmear or not) ofthe mean of a normal population.

2.7 Mean Square Error (MSE)

Preference tor the mean square crror criterion over the unbiascdness eriterion otten
hinges on the use to which the estimate is put. As an cxample of this, consider a man
betting on horse raves. [ he is buying “win” tickets, he will want an unbiased estimate
of the winning horse, but il he 1s buying “show™ tickets it is not important that his
horse wins the race {only that his horse finishes among the first three), so he will be
willing to use a slightly biased estimator of the winning horse 111t has a smatler vari-
ance.

The difference between the variance of an estimator and its MSE ig that 1he variance
measures the dispersion of the estimator around its mean whereas the MSE measuares
its dispersion around the true value of the parameter being estimated. For unbiased
estimators they are identical.

Biased estimators with smaller variances than unbiased estunalors are easy o find.
For example, if f is uan unbiased estimator with variance Fif), then D96 is a blased
estimator with variunce 0.8117(3). As a more relevant example, consider the fact that.
although (55£4 1K) is the hest quadratic unbiased estimator of 57, us noted in se-
tion 2.6, 1t can be shown that among quadratic estimaltors the MST estimator of o i
SSEAT-K + 2).

The MSE estimator has not been as popular as the best unbiased estimator because of
the mathematical difficulties in its detivation. Furthermore, when it can be derived ity
formula often involves unknown coeflicients (the value ol ), making its application
impossible. Morte Carle studies have shown that approximating the cstimator by
using QLS estimates of the unknown parameters ean sometimes circumvent this prob-
lem.

2.8 Asymptotic Properties

How large docs the sample size have to be for estimators to display their asymptotic
properties? The answer to this crucial question depends on the characieristics ol the
problern at hand. Cioldfeld and Quandr ¢1972, p. 277) repert an example in which a
sample size of 30 i sofficiently large and an example in which a sample of 200 is
required. They also note that large sample sives are needed if interest locuses on esti-
mation of estimator variances rather than on estumation of coefficients,

An observant reader of the discussion in the body of this chapler might wonder why
the large-sample equivalent of the expected value is defined as the plim rather than
being called the “asymplotic expeetation.” In practice most people wse the two terms
synonymously, but technically the latter refers o the hmit of the expected value,
which is usually, but not always, the same as the plim. For discussion see the technical
notes to appendix O



2.9 Maximum Likelihood

Note that (™ is nor, as i sometimes carelessly stated. the most probable value of 3,
the most probable value of 3 15 B itself (Only ina Bayesian interpretation, discussed
later in this book, would the Tormer stalement be meaningtul.y B*' 45 simply the
value of B that maxiszes the probability of drawing the sample actually obtained.
The asymiptotic variance of the MLE is usually ¢qual to the Cramer Rao lower bound,
the lowest axymuplolic variance that a consistent estimator can have. This s why the
MLE 15 asymptotically cthicient. Consequently, the variance {nol just the asymptotic
variance) of the MLE is estimated by an estimate of the Cramer-Rao lower bound.
The formula for the Cramer- Rao lewer bound 18 given in the technical notes to this
section.
Despite the fact that B™'7 is sometimes a biased estimator of 3 {although asymptoti-
cally unbiased), often a simple adjustment can be found that creates an unbinsed esti-
mator, and this unhased estimator can be shown to be best unbiased (with ne linearity
requirenient) througlt the relationship between the maximum likelhood estimator and
the Cramer -Rao lower bound. For example, the maximum likelihood estimator of the
variance of a random vanable x is given by the formula

7

‘_\_:(.\] - 37T

rol
which is a biased (but asymptotically unbiased) estimator of the true variance. By
multiplying this expression by TA7T - ). this estimator can be transformed mio a bes
unbiased estimator,
Maximum likelihood estimators have an invanance properly similar to that of consis-
tent estimators. The maximum likelihood estimator of a nonlinear function ol a para-
meter is the nonlinear function of the maximum lhkelihood estimator of thai
parameter: [g{3)]M" = g3} where ¢ 15 a nonlinear function. This greatly simpli-

lies the aigebraic derivations of maximum likelihood estimators. making adoption of

this criterion more afiractive.

Goldfeld and Quandt (1972} conclude that the maximum likelihood technique per-
forms well in a wide varicty of applications and for relatively small sample sizes, It is
particularly evident, from reading their book, that the maximum likelihood 1echnique
is well-suited to estimation involving nenlinearities and unusual cstimation problems.
Fven in 1972 they did not feel that the computational costs of MLE were prohibitive.
Application of the maximur likelthood estimation technique requires that a specific
distribution for the error term be chosen. In the context of regression. the normal dis-
Iribution is invariably chosen for this purpose, usually on the grounds that the error
term consists of the sum ol’a large number of random shocks and thus, by the Central
Limit Theorem, can be considered to be appreximately normally distributed. (Sce
Bartels, 1977, for a warning on the use of this argument.) A more compelling reason
is that the normal distribution is relatively easy to work with. See the general notes o
chapter 4 for further discussion. In later chapters we encounter situations {such s
count data and logit models) in which u distribution other than the normal s
cmploved.

Maximum hikelihoed estimates that are formed en the incorrect assumption that the
errors are disiributed normally are called guasi-maximum likelihood estimators. In

many circumstances they have the same asvmiptotic distribntion as that predicted by
assuming normadity, and often related test statisties retan thewr validity {asymptots-
cally. of coursel. See Godtrey (1988, p. 40 2) for discussion,

Kmenta {1986, pp. 175 837 has a elear discussion of maximum Likelihood estunation,
A gond brief exposition 15 in Kane (1965, pp. 177 80y Valavanis (1959, pp. 23 H). an
econometrics text subtitled “An Introduction to Maximum Likelihood Methods,” has
an interesting daccount of the meaning of the maxarmum likelihood technique.

2.10 Monte Carlo Studies

In this author’s opinion, understanding Monte Curlo studies is one of the most impuor-
tant elements of studying ceonometrics, not because a student may need actually 10 do
a Monte Carlo study. bul because an understanding of Monte Carlo studies puarantecs
an understanding of the concept of a siumpling distribution and the uses to which it is
put. For examples and advice on Monte Carlo methods see Smith (1973) and Kmenta
(1986, chapier 2). Hendry (1984) is a more advanced reference. Appendin A at the
end of this book provides further discussion of sampling distributions and Monte
Carlo studics. Several excreises i appendix [ itlustrate Monte Carlo studies.

If a researcher 1y worried that the specific parameter values used m the Monte Carle
study may influence the results, it is wise 10 choase the parameter values cqual to the
estimated parameter values using the data at hand, so that these parameter values are
reasonably close 1o the true parameter values. Furthermore, the Monte Carlo study
should he repeated using neurby parameter values to check for sensitivity of the
results. Bootstrapping is a special Monte Carle method designed o reduce the miflu-
ence of assumptions made about the parameter values and the error distribution.
Section 4.6 ol chapler 4 has an extended discussion.

The Mante Carlo technigue can be used 1o examine Lest statistics as well as paramerer
estimators. For example. a test statistic could be examimed to see how closely its sani-
pling distribution matches, say, a chi-square. In this context interest would undoubled-
ly focus on determining its size (type I error for a given critical value) and pawer,
particularly as compared with alternative test statistics,

By repeating « Monle Carlo study for several different values of the factors that affeet
the outcome of the study. such as sample size or nuisance parameters, one obtaing sev-
eral estimates of. say. the bias of an estimator, These estimated biases can be used as
abservations with which 1o estimate a functional relationship hetween the bias and the
factors affecting the bias. This relationship is called a response surface. Davidson and
MacKinnon (1993, pp. 755 63) has a pood exposition.

It is comman to hold the values of the cxplanatory variables fixed during repeated
sampling when corducting a Monte Carlo study. Whenever the values of the explana-
tory variables are aflected by the error term, such as in (he cases of simultancous
equations, measurement crror, or the lagged value of a dependent variable serving as a
tegressor. this s illegitimate and must not be done - the process generating the data
must be properly mimicked. But in other cases it is not obvious it the explanatory
vartables should be fixed. If the sample exhausts the population, such as would be the
case for observations on all ¢ities in Washington stale with population preater than
30,000, it would not make sense to allow the explunatory variable values to change
during repeated sampling. On the other hand, if a sample of wage-ecamers is drawn



from a very large potential sample of wape-camners. one could visualize the repeated
sample as encompassing the selection of wage-varners as well as the error term. and
50 one could allow the values of the explanatory variables to vary in some representa-
tive way during repeated samples. Doing this allows the Monte Carlo study 1o produce
an estimated sampling distribution which is not sensitive to the characteristies of the
particular wage-carners in the sample; fixing the wage-camers in repeated samples

produces an estimated sumpling distribution conditional on the observed sample ol

wage-camets. which may be what one wants if decisions are to be based on thal
sample.

2.1l  Adding Up

Other, less prominent, criteria exist for selecting point estimates. some examples of

which follow.

{a)  Admissibiliny: - An estimator 15 said to be admissible (with respect to some crite-
rion} if. for at least one value of the unknown B, it cannot be beaten on thal crile-
rion by any other cstimalor.

by Minimax A minimax estimator is one that minimizes the maximum expected
loss. usually measured s MSE, generated by competing estimators as the
uninown (3 varies through its possible values,

(&) Robustness An estimator is said w be robust i 1s desirsble propertics are not
sensiive to violations of the conditions under which it is optimal. In general. a
robust estimator is applicable 10 a wide varicty of situations, and is relatively
unaffected by a small number of had data values. See chapier 19,

(Y MELO In the Bayesian approach to statistios (see chapler [3), a decision-
theoretic approach is taken (o eslimation; an cstimate is chosen such that it mini-
mizes an expected loss function and is called the MELO (minimum expected
loss) estimator. Under general conditiony, if a quadratic loss function is adopred
the mean of the posterior distribution of B is chosen as the point estimate of
and this has been interpreted in the non-Bayesian approach as corresponding 1o
mimimization ¢l average risk. (Risk is the sum of the MSEs of the individual ele-
ments of the estimator ol the vector P.) See Zellner {1978).

{c) Anclogy principle  Paramelers are estimated by sample statistics that have the
same property in the sample as the pararneiers do in the population. See chapter 2
of Goldberger (1968b) [or an interpretation of the (1.8 estimator in these terms.
Manski (L988) gives a more complete treatment. This approach is sometimes
called the method of moments because it implics that a moment of the population
distribution should be estimated by the corresponding moment of the sample. See
the technical notes.

(1Y Nearmessiconcentration  Some estimators have infinite variances and for that
reason are often disnussed. With this in mind, Fiebig (1983) suggests using as 2
critetion  the  probabilite. of  newrness  (prefer B B* il prob
(I — Bl = $* = B) = 0.5} or the probubifine of concentration {preler [3 w p*ir
prob (|B - B < 8)> prob (IB* — 3~ ).

Two good introductory references for the material of this chapter are Kmenta (1986,
pp.- 9 16,97 108, 156-72) and Kane (1968, chapter 8.

TECHNICAL NOTES
2.5 Unbiasedness

e The expected value of a variable v s defined formally as Fr = fyf{v)dy where fis the

probabitity density function (sampling distribution) of 1. Thus £(v) could be viewed
as a weighted average of all possible values of x where the weights are proportional te
the heights of the density functien (sampling distribunon) of v

2.6 Efficiency

In this author’s experience, student assessment of sampling distributions is hindered.
more than anything else, by confusion about how to caleulate an estimator’s varance.
This confusion ariscs for several reasons.

{1y There is a crucial difference between a variance and an estimate of that variance,
something that ofien is not well understood.

(2) Many instructors assume that some vananee formulas are “common knowledge”
retained trom previous courses.

(3) It is frequently not apparent that the derivations of variance formulas all follow o
generie form.

(4) Students are expected to recognize that some formulas are special cases of mare
general formulas, :

(5) Discussions of vuriance, and appropriate formulas, are seldom gathered wecther
i one place for easy reference.

Appendix B has been included at the end of this book w alleviate this confusion, sup-
plementing the material in these technical notes.

In our discussion of unbiasedness, ne confusion could arise from B being multidimen-
sional: an estimator’s expected value is cither cqual to B {in every dimension) ar it is
not, But 1n the case of the variance of an estimator, confusion ¢ould arise. An estima-
tor 8% that is A-dimensional really consists of & different estimators, one for each
dimension of B. These & dilferent estimators all have their own varianees. If all & of
the varances associated with the estimator % are smaller than their respective coun-
terparts of the cstimator B. then it is clear that the variance of B* can be considered
smaller than the variance of B. For example. if § is two-dimensional, consisting of
twa scparate paramcters {3, and 3.

Le. = ’EJ ‘

an estimator B* would consist of two estimators B¥ and B*. [f $* were an unbiased
estimator of . BF would be an unbiased extimator of B*, and [3¥ would be an unbi-
ased estimator of ;. The estimators [3F and (33 would cach have variances. Suppose
their variances were 3.7 and 7.4, respectively. Now suppose 3. consisting af BI and
B., is another unbiascd estimator, where B, and Bz have variances 5.6 and .3, respec-
tively. In this example. since the variance of % is loss than the variance of ﬁ, and the



variance of 3% is less than the varance of (. 3t is clear that the “varianee™ of B* s
less than the variance of B But what if the variance of B. were 6.3 instead of 8 30
Fhen i s por clear which “varianee™ is smallest,

An additional complication exists in compannyg the variances of estiomtors of 4 multi-
dimensional 3. There may exist a nenzery cavariance hetween the estimators of the
separate components of B For example, & positive covariance between B‘ and |-3.
mmplies that, whenever 3 overestimates B, there is a tendeney for B to overestimate
Ban making the complete estimate of 3 warse than would be the case were this covari-
ance zero. Comparison of the “varianees™ of multudimensional estimatars should
therefore somehow account for this covariance phenomenon,

The “variance” of a multdimensional cstimator s called o variance covariance
matrix. WE* is an estimator of k-dimensional 3. then the variance covariance mairix
of B*, denoted by F{@*), v defined as a & Xk mawrix {a table with & entrics in cach
dircetion) containing the variances of the & clements of B* along the disgonal and the
covariances in the off-diagonal positions. Thus,

Kiph,  GIBRBh. L G Rh
VIB*) — Mig®)
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where KB is the varlanee of the &th clement of B* and CIR% B is the covariance
between B and BE AN this variance covarionee matrix does is array (he relevant
varianees and covariances m a lable. Once this is done. the econometrician can draw
on mathematicians” knowledge of watrix algebra to sugpest ways in which the vari-
ance covariance matrix of one unbiased estimutor could be considered “smaller™ than
the varianee -covariance matrix of another unhiased estimator,

Constder four alternative ways of measuring smallness MNONZ VATIANCE COvATIANC:
matrices, all accomplished by transforming the matrices into single numbers and then
comparing those nunibers:

(1) choose the unbiased estimator whose variznee -covariance matrix has the small-
est frace (sum of diagonal elements);

(2} choose the unbiased cstimmator whose variance covariance matrix has the smali-
est determinant:

(3) choose the unbiased estimator for which any given linear combination of its cle-
ments has the smallest variance;

(4) choose the unbiased estimator whose variance—covariance malrix minimizes a
risk function consisting of a weighted sum of the individual variances and covari-
ances. (A risk function is the expected value of a traditionat loss function, such as
the square of the difference between an estimate and what it is estimating.)

This last criterion secems sensible: a rescarcher can weight the variances and covari-
ances according 1o the importance he or she subjectively foels their minimization
should be given in choosing an estimator. [t huppens that in the context of an unbiased
estimator this risk function can be expressed i an alternative form, as the expected
value of a quadratic function of the difference between the estimate and the true para-
meter value; 1.e., Fip — Bro - B This aliernative inlerpretation alse makes good
Intuitive sense a8 4 choice criterion for use in the estimating context.

Hthe weights in the risk function described ubove, the elements of (). are chosen sa
as lo make it impessible for this risk function to be negative (a reasonable request.

sinoe i 1t were negative it would be o gatin, not a lass), then a very fortunate thing
occurs. Lnder these circumstances all four of these criteria lead to the same choice of
estimator. What 15 more, this result does ror depend on the particular weights used in
the risk function.

Although these four ways of defining o smallest mutrix are reasonably straightfor-
ward, cconometricians have chosen, for mathematical reasons, to use as their defini-
tion an equivalent butl coneeptually moere difticult idea. This fifth rule says, choose the
unbiased cstimator whose varianee covarianee matrix, when subtracted from the vari-
ance covariance matrix of any other unbiased estimator, leaves a non-negative defi-
nite malrix. {A matrix 4 is non-nepative definile if the quadratic function formed by
asing the clements of .4 as purameters (v 140 takes on only non-negative values. Thus
to ensure a non-negative risk function as deseribed above, the weighling matrix
must be non-negative definite)

Proofs of the equivalence of these five selection rules can be constructed by con-

salting Rothenberg (1973, p. 8Y, Theil (1971, p. 121, andd Goldberger (1964, p. 3¥),
A special case ol the risk function is reveuling. Suppose we choase the weighting such
that the variance of any one clement of the estimator has a very heavy weight, with all
other weights neghgible. This unplies that cach of the elements of the ¢stimator with
the “smallest”™ variance-covarance matrix has individual minimum variance. (Thus,
the example given earlier of one estimator with individual variances 3.1 and 7.4 and
another with variances 3.6 and 6.3 is unfair; these two estimators could be combined
info a new estimator with variances 3.1 and 6.3.) This speeial case also mdicates that
in general covariances play no role in determining the best estimator.

2,7 Mean Square Error {MSE)

In the multsvariate context the MSE eriterion can be mierpreted in terms of the “small-
est” (as defined in the technical notes to section 2.6) MST matrix. This matrix. given
by the formula E(B — B3B3 - (). is a natural matrix generalization of the MSE crite-
rion. In practice, however, this generalization is shunned in favor of the sum of the
MSEs of all the individual components of 3. a definition of risk that has come to be
the usual meaning of the term.

2.8 Asymptotic Properties

The econometric litcrature has become full of asymptolics, s0 much so that at least
one prominent cconometrician. Leamer {1988), has complained that there is too much
of it. Appendix C of this book provides an introduction to the technical dimension of
this important areu of cconometrics, supplementing the iterns (hat follow.

The reason for the importani result that Foglx) # g(Fx) for ¢ nonlinear is illustrated 1n
figure 2.8 On the horizontal axis are measured values UI'B, the sampling destribution
of which is portrayed by pdf (), with values of g[f‘}) measured on the vertical axis.
Values 4 and # of 3, equidistant from FR. arc traced Lo give g(4) and ¢#(B). Note that
£(8) is much farther from g{£@3) thun is g(4): high values ofB lead 1o values of gt B )
considerably above gi&B), but low values of § Jead to values of 2B only slightly
below &(FB). Conscquently the sampling distribution of () is asymmetric, as shown
by pedf1eiB)], and in this example the expected value of g B) lies abave g(£83).
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Figure 2.8 Why the expected value of a nonlinear function is
not the nonlinear function of the expected value

It g were a linear function, the asynunctry portrayed in figure 2.8 would not arisc
and thus we would have Fyg [3) = g(EP). For g nonlincar, however, this result does
not hold,

Suppose now that we allow the sample size to become very large, and suppose that
plim B exists and is equal 1o FB in figure 2.8, As the sumple size hecomes very large,
the sampling distribution pdftR) begins o collapse on plim B ic. its variance
becomes very, very small. The points 4 and £ are no longer relevant since values near
them now occur with negligible probabitity. Ouly values of very, very close o phim
B are relevant; such values when traced (hrough a(B) arc very, very close to giplim

R). Clearly, the distribution of g(B) collapses on gplim B) as the distribution of B col-

lapses on plim 3. Thus plim g(B) = g(plim B), for £ a continuous function.

For a simple cxample of this phenomenon, let g be the square function, so (hat
S-'(l‘“ - B I'rorn IhL well-known result that (\) — vy — (Ex)? we cun deduce that
E(p1 = IE‘.B BI Clearly, f(B )= ( FB but if the variance ol B Zoes ) zeTo
as the sample size goes to infinity then plimif3<) = (plimB ). The casc of # equal to
the sample mean statistic provides an casy cxample of this.

Note that in figure 2.8 the modes, as well as the expected values, of the two densi-
tics do not correspond. An explanation of this can be constructed with the heip ol the
“change of varable™ theorem discussed in the technical notes to section 2.9,

® An approximate cortection factor can be estimaled to reduce the small-sample bias
discussed here. For example, suppose an estimate B of 3 is distributed normally with

mean B and varianey {(B3). Then exp {B) is distributed tog-nomnally with mean exp
[B + $VBY. sugpesting thal exp (B) could be estimuted by exp [ 37463)] which.
although biased, should have less bias than exp (B). It in this same example the origi-
nal crror were net distributed nomually, so that B was not distributed normally. a
Taylor serics expansion could be used 1o deduce an appropriate correction factor,
Expand cxp (3) around £ — B to get

cxp (B) = exp () + (B~ Blexp(B) 1 XB — B) exp (B}

plus higher-order terms which are neglected. Taking the expected value of both sides
produces

Ecxp (B) — exp B[1 + 3]

suggesting that exp B could be estimated by

exp {B)[l + PR

For discussion and examples of these kinds of adwustments, see Miller (1984,
Kennedy (1981a, 1983} and Goldberger (196801, An alternative way of producing an
estimate of a nonlinear lunction g(B) is to ealeulate many values of g(B* 1 £), where
£ is an error with mean zero and varianee equal to the estimated variance of B*, and
average them. For more on this “smearing” estimate sce Duan (1983).

When g is a linear function, the variance of gi B1is piven by the square of the slope of
g times the vanance of B: e Flax) = ¢*F (1), When g 15 a continuous nonlinear
function its varanee is more difficult © calenlate. As noted above in the context off
figure 2.8, when the sample size becomes very large only values of B very, very close
to plim P are relevant, and in this range a linear approximation o {B) is adequate
The slope of such a linear approximation is given by the first derivative of g with
respect to B Thus the asymptotic variance of #(B) is often caleulated as the square of
this first derivative times the asymptotic variance of B, with this derivative cvaluated
at B = plim B for the theoretical variance, and evaluated at B for the extimated
variance.

2.9 Maximum Likelihood

The likelihood of a sample is often identified with the “probability™ of obtaining that
sample, something which is, stricily speaking, not correct. The use of this terminolopy
is aceepted, however, huausc of an implicit understanding, articulated by Press ot al.
(1986, p. 500h: “If the ,; ldkL on continuous values, the probability will always be
Zero unless we add the phl ase, *... plus or minus some fixed Ay on cach data point.”
S0 let’s always take this phrase as undu stood.”

The likclihood function is identical to the Joint probuability density function of the
given sample. [t is given a dilferent name G.c., the name “likelihood™) 10 denote the
fact that in this conlext it is to be imerpreted as a function of the parameter values
(since it is to he maximized with respect (o those parameter values) rather than, as is
usually the case, being interpreted as a function ol the sample data.

The mechanics of finding a maximum likelihood estimator are explained in maost
econornetrics fexts. Because of the importance of maximum likelibood extimation in



the coonometric lierature, an example is presented here Consider a typical econo-
metric problem of tving to find the maximum likelihoed cstimator of the vevlor

By

in the relationship v = $, + Bov + B + & where 77 observations on . and - are

available.

(1) The first step s 1o specify the nature of the distribution of the disturbance term .
Suppoese the disturbances are wWentically and independently distributed with prob-
ability density funetion f(&). For example. it could be postulated that & s distrib-
uted normatly with mean zero and varance o so thal

f=)y=2m) texp £207)

(2y The second step is 1o rewrite the wiven relationship as & — v 3, P P
so that for the ith value of & we have

1

e = (2mo) "CXP{ OB B B=-’""JL
L(F”

(3) The third step is to form the Lkelihood functdon, the formula for the joint proba-
bility dustribution of the sample, 1.e.. a tormula proportional to the probability of
drawing the particular error terms inherent in this sample. [f the error terms are
independent of cach other, this Is gtven by the product ol all the iz, one tor
cach of the 7 sample abservations. For the example at hand, this creates the |ike-
likood function

T

. Il — .

L = 2ma’y ‘r'cxp{- :'"fl (v, —f, = Bwx, — B_\:,}‘J
XS Al

a complicated function of the sample data and the unknown parameters B, [3-
and ;. plus any unknown parameters inherent in the probability density function
/ inthis case .

{4) The fourth step is to find the sct of values of the unknown parameters (B, B.. B
and o), as functions ol the sample data, that maximize this Likelihood function,
Since the parameter values that maximize 1. also maximire Inl., and the latter
task 1y casicr, attention usually focuses on the fog-likelihood function. 1n this
example,

i

T . I .
Inl. — - , In (2mer=) -~ 7—1 (v, — B — Bx — Ba)

In some simple cases, such as this one, the maximizing values of this function
(i.e., the MLEs) can be found using standard algebraic maximizing techniques. In

most eases, however, o numerical scarch technigue (described in section 6.3)
must be emploved 1o find the MILE.

e There arc two circumstances i which the technique presented above must be modi-

fied.

(1Y Density of v oner cqual 10 densite of £ We have observations on v, nol =, Thus.
the likelthood function should he structured from the density of v, not the density of &,
The technigue deseribed above implicitly assumes that the density of v, £ v, 1s identi-
cal t 1), the density of & with & replaced in this formula by v B, bur this is not
necessarily the case. The probability of obtaining a value of & in the small range de is
given by f¢e) de; this implies an equivalent probability Tor v of /0 di] where fTv) s
the density function of v and ‘dyf is the absolute value of the range of v valyes corre-
sponding to de. Thus, because of fie) de = f{r)fdy]. we cun calealate Sly) as
fle) [deidy .

In the example given above J{v) and f{e) are identical since derdi ix one. But sup-
pose our example were such that we had

W= P+ Bt Bz +
where A is some (known or unknown) parameter. In this case,
Al = A )

and the likelihood function would become

.I Tw o

L=xN

where () is the Likelihood function of the original example. with cach ¥ rased 1o the
power A.

This method of finding the density of 3 when 1 is a function of another variable «

whosc density is known, is referred to as the change-of-varivhie echrigre. The mulii-
variate analogue of de/dy] is the absolule value of the Jucohian of the trunsformation
- the deferminant of the matrix ol first derivatives of the veclor & with respect to the
veclor y. hudge et al. (1985, pp. 30 6) have a good cxposition.
(2) Observations nof independent  In the examples above, the observations were
independent of ane another so that the density values for each observation could sim-
ply be multiplied together to obtain the likelibood function. When the observations are
not independent, for example if a lagged value of the regressand appears as a regres-
sor, or if the errars are autocarrelated, an alternative means of finding the likelihood
function must be emploved. There are two ways of handling this problem.

(2)  Living u mudtivariate density. A multivariate density function gives the density
af an entire veclor of « rather than of just one element of that vector (i.e., it gives
the “probability™ of obtaining the entire set of &,). For example, the multivariate
normal density function for the vector £ is given (in matrix terminology) by the
formula o

N . . l
He) — (2mo™) 7 ider O "cxp{- a 1 ’{:J

«(F"



where 7€) is the vartanes covariance matrix of the vector & This formula itselt
van serve a5 the likelthood function {i.e.. there is no need o multiply a set of den-
sities together sinee this formula hus implicity already done that, as well as tak-
ing account of interdependencies among the data). Note that this formula gives
the density of the vector &, not the vector . Since what s required 15 the density
of v, a multivariate adjustment Tuctor equivalent to the univariate deddy] used
carlier is necessary. This adjustment Tactor is |det deddr] where deddy s o matrix
containing in its #th position the derivative of the dth observation of & with
respect to the jth observation of 3. [t is called the Jucahian of the transformation
[rom & 1o v, Watts (1973) has a good explanation of the Jacobian.

(bY Using a transformation It may be possible to transform the variables of the
problem so as to be able to work with crrors that are independent. For example,
suppose we have

S & T < FE A JE i

but £ is such that &, — p&, | 1 &, where , 15 a normally distributed error with
mean zero and varance o=, The s are not independent of one another, so the
density [or the vector £ cannot be formed by multiplving together all the individ-
ual densities: the multivariate density formula given carlier must be used, whyre
Q is a function of p and o7 is a function of p and . But the # errors are distrib-
uted independently. so the density af the i vector can be formed by multiplying
together all the individual », dénsities. Some alpebraic manipulation allows w, o
be expressed as

o= (e ) B ) Bl Ty ) = B s )

(There is a special transformation lor 4; see the technical notes 1o scction 8.3
where autocorrelated crrors are discussed.) The densily of the v veetor, and thus
the required likelihood function, is then caleulated as the density of the u vector
times the facobian of the transformation from i e 3. In the example at hand, this
second method turns out to be easicr, since the first methad (using a multivariate
density function) requires that the determinant of €0 be caleulated, a difficult task.

® Working throuph examples in the literature of the application of these techmiques s

the best way to become comfortable with them and to become aware of the uses to
which MIL.[s can be put. To this end sec Beach and MacKinnon (1978a), Savin and
White t1978), Lahiri and kgy (1981}, Spitzer (1982}, Scaks and Layson (19%3), and
Layson and Seaks (1984).

The Cramer-Rao lower bound is a matrix given by the fornula

Anl. ]
—
At

where 8 1s the vector of unknown parameters (including ) for the MILE estimates of
which the Cramer- Rao lower bound is the asymplotic variance covariance matrix. Tt
estimution is accomplished by inserting the MLE estimates of the unknown paranme-
ters. The inverse of the Cramer-Rao lower bound is called the information mateix,

p If the disturbances were distributed aormally, the MLE estimuator of o is S5£°7.

Drawing on similar cxamples reperted in preceding sections, we see that estimalion of
the variance of a normally distributed population can be computed as SSEAT 1),
SSET or SSEAT + 1, which are, respectively, the hest unbiased estimator, the ML

and the minimum MSE estimator. Here SSE s Xy 1)

2.11  Adding Up

The analogy principle of estimation is often called the method of moments because
typically moment conditions {such as that EX's — &, the covariance between the
explanatory variables and the error is veto) are utilized fo dertve estimators using this
technique. For example, consider a variabie x with unknown mean p. The mean poof
% 18 the first moment, so we estimate g by the first moment (the average) of the data,
x. This procedure is not always so casy. Supposc, for examiple, that the density ol x iy
given by f(x)—hx* *lor 0= x = 1 and sero elsewhere. The expected value of x is
(A + 1y so the method of moments estimator A* of A is found by setting
X = A%AT + 1) and solving to obtain A* = 841 X). In general we are usually
interested in estimaling several parameters and so will require as many of these
moment conditions as there are parameters 1o he estimated, in which case (inding exti-
mates involves solving these equations simultaneously. -

Conawder, Tor ¢xample, estimating « and B iny = ¢ t Px + £ Because ¢ is spuci-
fied to be an independent error, the expected value of the product of x and  is zero, an
“erthogonality” or “moment™ condition. This suggests that estimation could be based
on setting the product of x and the residual #* = v «* — B*x cqual 1o zero, where
w* and B* are the desired estimates of « and (. Similarly, the expected value of & (it
ﬁ_rst moment) 15 specified 1o be zero, suggesting that estimation could be hased on set-
tng the average of the £* equal to zero. This gives rise o two cquations in two
unknowns:

Ty o - Brxpm=0
Hy —a* —B*0y =10

Wh.ich & reader might recognize as the normal cquations of the ordinary least squares
cStlrpaton Tt is not unusual for 4 method of moments estimator to turm oul to be a
familiar cstimator, a result which gives it some appeal. Oreenc (1997, pp. 145 .33) has
4 good 1extbook exposition.

This approach to cstimation is straightforward so long as the number of moment
conditions is equal to the number of paramcters to be estimated, But what if there are
more moment conditions than parameters? In this case there will he more cquations
than unknowns and it is not obvious how to proceed. The generalized method of
mt‘)mmts (GMM) procedure, described in the technical notes of section 8.1, deals with

is case.



